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Abstract

In this work, we firstly introduce the integral representation of the generalized p — k beta function
and then employ well-known Chebychev’s and Hélder’s inequalities to obtain some inequalities on
generalized p — k gamma and beta functions. Also, we show the logarithmic convexity properties
of these functions.
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1 Introduction

One of the fundamental areas of mathematical analysis is inequalities. The theory of integral
inequalities has been used in many scientific fields such as physics, statistics and probability (see
for example [1, 2, 3] and references therein). Since special functions such as gamma function also
play a major role in many subjects, many inequalities involving gamma function and its extensions
are presented, [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].
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Nowadays, Gehlot introduces the two-parameter gamma function ,I'x(z) in [8] and after in [11], a
new two-parameter gamma function 3 (x) named as generalized p — k gamma function. The main
objective is to give some inequalities on generalized p — k gamma and beta functions.

This paper is organized as follows: In Section 2, we give some notations and preliminaries for the
convenience of the reader. Also, we give the definition and some properties of the generalized p — k
beta function. In Section 3 and 4, we deduce some inequalities and convexity properties of ;T'x(x)
and 5By (z) functions via Chebychev’s and Holder’s integral inequalities.

2 Notations and Preliminaries

The integral representations of the generalized k-gamma and k-beta functions are defined as
oo k
Ti(z) = / " e Fdt,k>0,z€C—kZ" (2.1)
0

and

1
Bi(z,y) = %/ 1= E g (2.2)
0

respectively in [5].

The k-gamma function I'y, is one of the generalizations of the classical gamma function with one
parameter and in order to obtain some results on the function such as its limit expression and
infinite product expression, one needs the following the Pochhammer k-symbol (z)n,x:

(@) =z(z+k)...(z+(n—1)k), neN, k>0

For x € C, Re(x) > 0, k,p € R" — {0}, n € N and a € (1,00) the generalized p — k Pochhammer
symbol 5 (2)n,x is given by

o zp zp P zp 2p zp , (n=1p
nk = 2.
p(@)nk (kloga) (kloga+loga) (kloga+loga> (kloga+ loga (2:3)

and the generalized two-parameter Gamma function ,I'x is given by

“ 1 . p"Tin! 1 np L
r ==1 . 24
»Lk(7) T (loga)™ ™ &(z)nx \loga (2.4)
The integral representation of the function ;I'x is defined by
a o ik x—1
ole(z) = / a” Pt dt. (2.5)
0

The relation between generalized p — k gamma function, k-gamma function and classical gamma
function is given in [11] such that

pL(e) = (igkg)z - (klfga) e = % (1;;@) r (5)- (2:6)

The integral representation (2.5) gives that the generalized two-parameter Gamma function pI' is
an infinitely differentiable function on (0, c0) and the nth derivative of the generalized p — k gamma
function is

oo k
ar(™ (z) :/ #*"'In"ta” 7 dt, neN.
0
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Note that, generalized p — k gamma function is a deformation of the classical gamma function and
satisfies the following commutative diagram:

k—1 ]
B e
4
—k
p—k—1 P a—e,p—=k
] a
P]‘—k a—e ]Dl_‘k

where ,I'y; is defined as two-parameter gamma function given in [8].

Also in [11], the author discussed the following properties:

a _ TP q
Pkt k) = i) (2.7)
Tk (z + nk)
a _p
p(l‘)n,k - grk(m) ) (28)
a _ p
k@) = e (2.9)

Since the classical beta function, an useful function of two variables can be evaluated in terms of
the Euler’s classical Gamma function as

_ I'@)I')
B(%l/) = m7

it is natural to define the generalized p — k beta function ;Bx(z,y) as follows:

Re(z), Re(y) > 0

Definition 2.1. For z,y € C; k,p € RT — {0} and Re(z),Re(y) > 0, n € N, a € (1,00), the
generalized p — k beta function is defined by

o Lk (@)1 (y)
Bi(z,y) = e k) 2.10
P ( ) ng(:C +y) ( )
Proposition 2.1. The function By satisfies the following identities:
a 1 ! z_q Y_1q
a 1 r Yy
pBi(z,y) = Bu(x,y) = 1 B (E’ k) ; (2.12)
»Br(z,y) = 3 Bi(y, ), (2.13)
for x,y € C; k,p € R* — {0} and Re(x), Re(y) >0, n €N, a € (1,00).
Proof. The results follow by using the equations (2.6) and (2.10). O
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3 Inequalities via Chebychev’s One and Applications
In this section, we prove some applications to Chebychev’s integral inequalities for generalized p — k

gamma and generalized p — k beta functions. Firstly, we will recall the results which are known in
the literature as Chebychev’s integral inequalities for synchronous (asynchronous) mappings.

Lemma 3.1. [6] Let f,g,h: I CR — R be so that h(z) > 0 for x € I and h,hfg,hf and hg are
integrable on I. If f, g are synchronous (asynchronous) on I, i.e.

(f(@) = FW)(g(x) = g(y)) = ()0 for allz, y € I,

then we have the inequality
/, h(z)da / h(@) f(@)g(x)dz > (<) / h() f(z)da / h(x)g(z)dz. (3.1)

Theorem 3.2. Let m,n,x,y be positive numbers with the property that
(m—=z)(n—y) 2 ()0
and i be a non-negative integer. Then
ST @ 4 ) 5T (y +m) > (FTE (@ +9) 5T (m o+ n) (3:2)

forp,k >0 and a € (1,00).

) K
Proof. Let us define f, g, h : [0,00] — [0,00) by f(t) = tY"", g(t) = t™ ® and h(t) = """ In* ta” 7.
Differentiating the functions f and g yields that

£ = (y—n) """ and g'(t) = (m—2) ™

for t € (0,00). If (m — z)(y — n) > 0 then f and g have the same monotonicity i.e. they are
synchronous and if (m — z)(y — n) < 0 then f and g have opposite monotonicity i.e. they are
asynchronous. Also since ¢ is a non-negative integer, h(¢) > 0 on [0, 00). Hence using Chebychev’s
inequality (3.1) for the functions f, g and h lead us to

® adn—1q 2i, -t ® ym—1 2i, -t
/ t In“"ta" P dt/ tY In""ta™ » dt
0 0

oo . k oo . k
> (g)/ A e ta*t?dt/ £ 0 dt.

0 0
By using the integral representation of generalized p — k gamma function ;I'x(x), we obtain the
equation (3.2). O
Corollary 3.3. Let m,n,x,y be positive numbers with the property that
(m —z)(y —n) = (<)0.

Then
»Br(,y) 3 Br(m,n) > (<) Br(x,n)  Bi(m, ). (3.3)
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Proof. Letting ¢ = 0 in the inequality (3.2), we get
pLk(@ + 1) pTk(y +m) > (<)pli(z +y) pTe(m +n).
Then we can write
U@+ m) UMy £ m) | STkle+9)sTu(m )
aln(2) gTk(n) gLk (y) gLk (m) = "7 8Tk (2) gT%(n) gLk (y) glk(m)”
Now by using the definition of generalized p — k beta function By (x,y), we get
1 1
> (<
4B (x,n) gBr(y,m) ~ (_)gBk(:c,y) 4By (m, n)
and the result follows. O

By using Theorem 3.2, we obtain the geometric means of § Br(x,z) and ;B (y,y) as follows:

Corollary 3.4. For any z,y > 0, we have the inequality

VaB(, 28 Bi(y,y) < 5Bu(,v). (3.4)
Proof. Letting m = y and n = « in Corollary 3.3 and using the symmetry property of generalized
p — k beta function ;B (x,y), the inequality (3.4) follows. O

Remark 3.1. Taking a =e, p=k =1 and i = 0 in Theorem 3.2, Corollary 3.3 and 3.4 leads us the
inequalities (3.6), (3.5) and (3.7) in [6, Theorem 1 and Corollary 1] respectively.

Corollary 3.5. Let m,n > 0 and i be a non-negative integer. Then we have

. . a HN/m-+n
VT e (m)gT @ (n) < r) (TE1) (3.5)

forp,k >0 and a € (1,00).
Proof. Letting m = y and n = x in the Theorem 3.2 we have (y — x)?> > 0. From the inequality
(3.2), we get
) , ) 2
SO0 @20 (2y) > [;T® (@ +y)] (3.6)
Now the inequality (3.5) follows from (3.6) by taking m = 2z and n = 2y. O
Theorem 3.6. Let z,y, m be real number with x,y > 0, x > m > —y and i be a non-negative

integer. If
m(z —y —m) = ()0,

then the following inequality
PR @I () 2 (T (@ = mp T (y + m) (3.7)
is valid.
) K
Proof. Let us define f, g, h : [0,00) — [0,00) by f(t) =t"""7Y, g(t) = t™ and h(t) = tV~! In* ta~
respectively. From the assumption, we get that the functions f and g are synchronous (asynchronous)

on [0,00). Hence by Chebychev’s inequality for I = [0,00) and the integral representation of
generalized p — k gamma function, we obtain

o 17..2i £k o 1 2i ub
/ tY" " Iln lta_Tdt/ t* 7 "In“"ta P dt
0 0

> (<

oo ) k oo ) k
)/ gt 1n2’ta*t?dt/ I oY dt
0 0

and the result follows. O
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Corollary 3.7. Let x > 0 and m € R be such that |[m| < x. Then for a non-negative integer i, we
have

) 2 . )
[(r0@)] < a0 @ — mpr) @+ m). (3.8)
Proof. Letting x = y in Theorem 3.6 yields that m(z—z—m) = —m? < 0 and the result follows. [

Corollary 3.8. Let x > 0 and m € R such that |m| < x. Then
pTi(@) < 5T(@ = m)Ti( +m) (3.9)

and
»Bi(z,2) < 3Br(x —m,z +m) (3.10)

Proof. For i = 0, the inequality (3.8) becomes (3.9). The inequality (3.10) follows from the
Definition 2.1. O

Remark 3.2. By taking p = k, a = e, i = 0 in Theorem 3.6, Corollary 3.7 and Corollary 3.8, the
inequalities become the results in [16, Theorem 2.6, Corollary 2.7, Corollary 2.8] respectively. Also
by choosing p = k =1, a = e, ¢ = 0 in Theorem 3.6 and Corollary 3.8, we get [6, Theorem 2,
Corollary 3] respectively.

Theorem 3.9. Let x,y,k > 0 be such that (x — k)(y — k) > (L)0. Then for a non-negative integer
i, we have _ 4 _ _
PTEY TR (@ + ) > (ST (2 + KT (y + K). (3.11)

. ko
Proof. Let us define f, g, h : [0,00) — [0,00) by f(t) = t*7F, g(t) = t¥"" and h(t) = t** 7' In* ta” 7.
Since (x —k)(y—k) > (L)0, the functions f and g are synchronous (asynchronous) on [0, c0). Hence
by using Chebychev’s inequality, we find

/ t%*lln%ta*t?dt/ Y I o dt > (g)/ t“’“*llnmta*%dt/ R N2 0 dt
0 0 0 0
ST @RI (@4 y) > (T (@ 4+ k)T (v + k)
as desired. O

Corollary 3.10. Let x, y, k > 0 such that (x — k)(y — k) > (<)0. Then the following inequalities

sLe@+y) > ()75 Tu(@)Tu(y) (3.12)
and
»Bi(z,y) > (S);ky (3.13)
are valid.
Proof. By taking ¢ = 0 in the inequality (3.11) and using the relation ;I'x(z + k) = kl?;agl“k(a:),

given in [11], we get

P ar (k)ilu(e+y) > (<) —2 () —L—aT(y).

loga kloga® kloga®
Since ,T'x (k) = kl(]).j’ the inequality (3.12) follows and by the definition of generalized p — k beta
function § B (x,y) we get the inequality (3.13). O
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Note that, a function f is said to be superadditive if

fx+y) > flz)+ fy)

and supermultiplicative if
flzy) = f(2)f(y)
hold for all z,y € I such that x +y € I and zy € I respectively.

Corollary 3.11. The function In Iy () is superadditive for x > k > 1.
Proof. If x,y > k > 1, then by using the inequality (3.12), we have
In;Tx(z+y) >Inc+Iny —Ink + ln;Fk(m) + lngfk(y) > Inple(x) + lngl_‘k(y)

which completes the proof. O

4 Inequalities via the Holder’s One and Applications
Firstly, we recall the Holder’s inequality:

Lemma 4.1. Let I C R be an interval and assume that f € Ly(I), g € Lp(I), p,qg > 0 and

% + é = 1. Then the following inequality due to Hélder holds:

< (@) ( [@pea)” (4.1)
(fy@ras) ( [larar)

/1 f(2)g(z)dz

For the proof see the book [18].

Now, by using the Hélder’s inequality (4.1), we establish some inequalities of the functions ;I'x and
2 By.
P

Theorem 4.2. Let xz,y, k>0, a, 8 € (0,1), a+8 =1, ¢, j even, i,j € Ng and ai + 5 € No.
Then generalized p — k gamma function satisfies the inequality

a(at j at (i *Ta j B
ST 0z + 8y) < [0 @)] " [T W)] (42)
Proof. By using integral representation of the generalized p — k gamma function, we get

. . S . . k
aplED (z + By) = / (oA=L it BTy gy
0

Then since o + f = 1 and ¢, j are even, we have

(ai+B3) o 1 g th 1 i _iﬂ
ST (x4 By) = / A N T Al N e
0
oo 1 . +k [e3 %) ) . & B
< [/ " In’ ta_7dt} {/ V" In? ta” P dt|
0 0
by using the Holder’s inequality (4.1) and the result follows. O

Now we will give the following well known definition in the literature, see for example [17].
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Definition 4.1. Let f: [a,b] C R — (0,00). Then f is called a log-convex function, if
flaz + (1= a)y) < [f@)]*[f ()]~
holds for any z,y € [a,b] and « € [0, 1].

Corollary 4.3. Letz>0,b>0, p,k>0,a€(0,1), a,8€ (0,1), a+B=1,14 eveni € Ng. Then
the function ZFS) (z) 1is log-convex.

Proof. From Theorem 4.2 by letting ¢ = j, we have
ap(i an(i @ Ta(i A
o (o + y) < [iTP0@)]" [0 )]
i.e. the function ZF,(f) is log-convex. (I

Corollary 4.4. The function § By is log-covex on (0,00) x (0,00) as a function of two variables for
p, k>0 and a € (1,00).

Proof. Let ((z,y),(m,n)) € (0,00) x (0,00) and «, 8 > 0 such that & + 8 = 1. Then we have
pBi(alz +y) +B(m,n)) = ,Bi(az + fm,ay + fn)

aj_+57n.71 ay+Bn 4
—t) K dt.
- [ )

Then since a + 8 = 1, we can write

“Br(a(z +y) + B(m,n)) = l/115“( D1 — G001 = G g

= k/ 1_t)(%—1)]a[t(%—l)(l_t)(%—l)]ﬁdt,

Now by using the inequality (4.1), we have

PBe(aw+y) +B0mm) < LB y))” (Bl n)”
= R B )] B, )

By taking o =X and B =1— X, A € (0,1), we get the result. O

5 Conclusions

In this study, we establish some inequalities for the generalized p — k gamma and beta functions by
using Chebychev’s and Holder’s inequalities and other algebraic tools. The established results are
generalizations of some previous results.

Acknowledgement

The authors would like to thank the anonymous referees for their careful reading of the manuscript.
This research is supported by Aydin Adnan Menderes University Scientific Research Projects
Coordination Unit (BAP) with Project No: FEF-18029.

Competing Interests

Authors have declared that no competing interests exist.

68



Ege and Yudwrim; ARJOM, 17(4): 61-69, 2021; Article no.ARJOM.69645

References

(1]
2]

[10]
[11]
12
13
[14]
[15)
[16]
17)

18]

Cooper J, Doerr B, Friedrich T, Spencer J. Deterministic Random Walks on Regular Trees.
Random Structures Algorithms. 2010;37(3):353-366.

Janicki R. Properties of the beta regression model for small area estimation of proportions and
application to estimation of poverty rates. Comm. Statist. Theory Methods. 2020;49(6):2264-
2284.

Nishino T, Murakami H. The generalized Cucconi test statistic for the two-sample problem. J.
Korean Statist. Soc. 2019;48(4):593-612.

Chaudhry MA, Zubair SM. Generalized incomplete gamma functions with applications. J.
Comput. Appl. Math. 1994;55:99-124.

Diaz R, Parigian E. On hypergeometric functions and Pochhammer k-symbol. Divulg. Mat.
2007;15(2):179-192.

Dragomir SS, Agarwal RP, Barnett NS. Inequalities for Beta and Gamma Functions via Some
Classical and New Integral Inequalities. J. Inequal. Appl. 2000;5:103-165.

Ege 1. On Defining the (p, g, k)-Generalized Gamma Function. Note Mat. 2019;39(1):107-116.

Gehlot KS. Two parameter gamma function and its properties. arXiv preprint
arXiv:1701.01052,2017.

Gehlot KS. Properties of Ultra Gamma Function. arXiv preprint arXiv:1704.08189, 2017

Gehlot KS, Nisar KS. Extension of Two Parameter Gamma, Beta Functions and Its Properties.
Appl. Appl. Math. 2020;Special Issue 6:39-55.

Gehlot KS. New Two Parameter Gamma Function. Preprints.
doi:10.20944 /preprints202004.0537.v1.

Gehlot KS, Nantomah K. p — ¢ — k Gamma and Beta Functions and Their Properties. Int. J.
Pure Appl. Math. 2018;118(3):525-533.

Nantomah K, Prempeh E, Twum SB. On a (p, k)-analogue of the Gamma function and some
associated Inequalities. Moroccan J. of Pure and Appl. Anal. (MJPAA). 2016;2(2):79-90.

Nantomah K, Prempeh E, Twum SB. Twum, Inequalities involving derivatives of the (p, k)-
Gamma function. Konuralp J. Math. 2017;5(1):232-239.

Nantomah K, Nasiru S. Inequalities for the m-th derivative of the (g, k)-Gamma function,
Moroccan J. Pure Appl. Anal. 2017;3(1):63-69.

Rehman A, Mubeen S, Sadiq N, Shaheen F. Some inequalities involving k-gamma and k-beta
functions with applications. J. Inequal. Appl. 2014;2014:214.

Zhang X, Jang W. Some properties of log-convex function and applications for the exponential
function. Comput. Math. Appl. 2012;63(6):1111-1116.

Mitrinovi¢ DS, Pecari¢ JE. Fink AM. Classical and New Inequalities in Analysis. Kluwer
Academic Publishers, Dordrecht; 1993.

© 2021 Ege and Yildwrim; This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted
use, distribu-tion, and reproduction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your browser
address bar)

hitp://www.sdiarticle4.com/review-history /69645

69


http://creativecommons.org/licenses/by/4.0

	Introduction
	Notations and Preliminaries
	Inequalities via Chebychev's One and Applications
	Inequalities via the Hölder's One and Applications
	Conclusions

