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A Stochastic Model for Adsorption Kinetics
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A novel stochastic model is proposed to characterize the adsorption kinetics of pollutants including dyes (direct red 80 and direct
blue 1), fluoride ions, and cadmium ions removed by calcium pectinate (Pec-Ca), aluminum xanthanate (Xant-Al), and reed
leaves, respectively. The model is based on a transformation over time following the Ornstein–Uhlenbeck stochastic process,
which explicitly includes the uncertainty involved in the adsorption process. The model includes stochastic versions of the
pseudo-first-order (PFO), pseudo-second-order (PSO), and pseudo-n-order (PNO) models. It also allows the estimation of the
adsorption parameters, including the maximum removal capacity (qe), the adsorption rate constant (kn), the reaction
pseudoorder (n), and the variability ðσ2Þ. The model fitted produced R2 values similar to those of the nonstochastic versions of
the PFO, PSO, and PNO models; however, the obtained values for each parameter indicate that the stochastic model better
reproduces the experimental data. The qe values of the Pec-Ca-dye, Xant-Al-fluoride, and reed leaf-Cd+2 systems ranged from
2.0 to 9.7, 0.41 to 1.9, and 0.04 and 0.29mg/g, respectively, whereas the values of kn ranged from 0.051 to 0.286, 0.743 to
75.73, and 0.756 to 8.861 (mg/g)1-n/min, respectively. These results suggest a variability in the parameters qe and kn inherent to
the natures of the adsorbate and adsorbent. The obtained n values ranged from 1.13 to 2.02 for the Pec-Ca-dye system, 1.0–3.5
for the Xant-Al-fluoride system, and 1.8–3.8 for the reed leaf-Cd+2 system. These ranges indicate the flexibility of the stochastic
model to obtain fractional n values, resulting in high R2 values. The variability in each system was evaluated based on σ2. The
developed model is the first to describe pollutant removal kinetics based on a stochastic differential equation.

1. Introduction

Water pollution is currently a transcendental issue. Numer-
ous approaches including chemical, biological, and physical
methods have been used to remove different contami-
nants that affect aquatic ecosystems. Among these methods,
adsorption is relatively inexpensive and easy to scale up to
industrial levels and shows great potential to remove specific
pollutants from aqueous media [1–4].

Three main processes are involved in the adsorption of a
compound present in an aqueous environment: (1) external
diffusion, (2) intraparticle diffusion, and (3) surface reaction.
However, under vigorous agitation, stages (1) and (2) have
very little influence on the transport of contaminant from

the aqueous phase to the inner surface of the adsorbent,
and the limiting step in pollutant removal (i.e., the rate-
controlling step) is thought to be the binding between the
adsorbate and adsorbent molecules at the liquid–solid inter-
face [5]. In this case, several models have been used to
describe the binding of chemical species contained in aque-
ous solution to the surface of an adsorbent material. The
pseudo-first-order (PFO) model has been widely applied to
the removal of different pollutants from aqueous media [6].

This model is described by the equation

qt = qe 1 − e−k1t
� �

,  t ≥ 0, ð1Þ
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where qt is the adsorption capacity of the adsorbent material
(mg/g) at time t (min), qe is the maximum adsorption capac-
ity when equilibrium is reached (mg/g), and k1 is the PFO
rate constant (1/min). Previously, in equation (1), qe is a
parameter that must be known or estimated. However, this
model does not accurately describe the experimental adsorp-
tion data in all cases. For some adsorption systems, the
pseudo-second-order (PSO) model [7] is more appropriate:

qt =
k2q

2
e t

1 + k2qet
, t ≥ 0, ð2Þ

where qt , qe, and t are as defined above and k2 is the PSO rate
constant (g/mgmin). Reference [8] showed that the PSO
model best describes the experimental adsorption data when
the initial adsorbate concentration in aqueous solution is low,
suggesting an error related to the initial contaminant concen-
tration in solution. Furthermore, when considering a large
amount of experimental kinetic data for a system near equi-
librium, the coefficient of determination suggests that the
PSO model well fits the experimental data [9].

To model fractional-order kinetics, the pseudo-n-order
(PNO) model [10–12] was developed as a general model:

qt = qe 1 − 1
1 + kn n − 1ð Þqn−1e tð Þ1/ n−1ð Þ

 !
, t ≥ 0, ð3Þ

where kn is the adsorption rate constant. The PNO model,
which includes the PFO and PSO models, provides better fits
to some experimental data compared to the PFO or PSO
model [12–14]. Unlike the PFO and PSO models, the PNO
model has the advantage of calculating the pseudoorder from
the experimental kinetic data, and it is not necessary to assign
a preestablished initial value to qe.

However, based on the literature, no unified criteria for
obtaining qe have been established among research groups.
Furthermore, when considering the linear forms of these
models, the coefficients of determination are higher than
those obtained from their respective nonlinear forms; that
is, the linear models overestimate the coefficients of determi-
nation. Therefore, the original nonlinear forms of the models
are recommended [9].

In view of the above, in this work, the transformed
Ornstein–Uhlenbeck (TOU) model is applied to characterize
adsorption kinetics. The TOU model includes stochastic
versions of the PFO, PSO, and PNO models. The Ornstein–
Uhlenbeck (OU) model has been applied in various areas
such as finance, environmental modeling, and biological
systems [15–18].

This novel TOU adsorption model explicitly includes the
uncertainty (randomness) that exists in the adsorbate
removal data and provides additional information that can
be used to reduce the cost of adsorption-based pollutant
removal. The TOU model combines the variability with an
equilibrium point. Moreover, the proposed model does not
require knowledge of qe, and it is not necessary that kinetic
measurements be made up until the equilibrium state is

reached. The proposed model was applied in three adsor-
bent–adsorbate systems: direct red 80 (DR80) and direct blue
1 (DB1) dyes adsorbed by calcium pectinate (Pec-Ca); the
removal of fluorides using aluminum xanthanate (Xant-Al);
and cadmium removal by reed leaves.

2. Materials and Methods

2.1. Materials. Pectin from citrus peel, DB1, DR80, and
xanthan were purchased from Sigma-Aldrich (St. Louis,
MO, USA). Sodium hydroxide, calcium chloride dihydrate,
hydrochloric acid, sodium chloride, and distilled water were
obtained from J.T. Baker (México State, México). Aluminum
chloride hexahydrate was provided by Golden Bell (México
City, México).

2.2. Experiments

2.2.1. Synthesis of Pec-Ca. The synthesis of Pec-Ca was per-
formed according to [19] with some modifications. Pectin
was dissolved in a basic aqueous solution (pH = 12:0) for a
period of 8 h (28°C) to obtain maximum hydration. Subse-
quently, the resulting solution (1% w/v) was adjusted to pH
7.0. An aliquot of calcium chloride dihydrate (5% w/v) was
added to this solution, and the resulting Pec-Ca gel was
allowed to stand at room temperature (28°C for 24 h) to stop
its consolidation. The resulting product was washed at least
five times with distilled water to eliminate excess calcium
ions in the gel. The gel was lyophilized and ground using a
mortar. The obtained particulate was sieved to produce a
powder with an average size of 0.297mm.

2.2.2. Dye Adsorption Kinetics. We experimentally studied
the effect of pH on the removal efficiency of the two dyes.
The experiments were carried out in triplicate, and the results
are shown in the supplemental Figure S1. The optimal
pH values for DR80 and DB1 removal were 3 and 2,
respectively. Next, for each dye, a 500mL aliquot of the
aqueous dye solution that had been adjusted to the optimal
pH was placed in a 2 L Erlenmeyer flask. After measuring
the initial absorbance (at 533 nm for DR80 and 618nm for
DB1) at t = 0min using a UV-visible spectrophotometer
(Evolution 201, Thermo Scientific), 1.0 g of Pec-Ca was
added to the aqueous dye solution followed by orbital
shaking (100 rpm). After a determined time, a small amount
of the aqueous dye solution was centrifuged at 17,000 rpm
for 5min, and the absorbance of the supernatant was
measured at the defined wavelength. The dye concentration
at each time point was obtained by interpolating the
absorbance value using the standard curve constructed for
each dye. The value of qt (mg/g) for each sample was
determined according to the following equation:

qt = C0 − Cf

� �
× V
m
, ð4Þ

where C0 and Cf correspond to the initial and final dye
concentrations (mg/L), respectively; V is the volume of dye
solution (L); and m is the mass of adsorbent (g). All dye
adsorption kinetic experiments were carried out in triplicate,
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with the three replicates termed experiment 1, experiment 2,
and experiment 3. It is important to mention that the
estimated kinetic parameters are based on the integrated
data obtained from the three experiments. This approach is
more convenient than the typical method in which the
model is fitted using the average data. However, this
procedure underestimates the experimental error.

2.2.3. Synthesis of Xant-Al. Xant-Al was synthesized accord-
ing to [20] except that no dye was included in the synthetic
process. An aqueous solution of xanthan (1% w/v) was
obtained hydrating 5 g of this polysaccharide in 500mL of
distilled water at 28°C for 24 h. An equivalent volume of
AlCl3 6 H2O solution (5%w/v) was added to the xanthan dis-
persion, resulting in the formation of a gel (Xant-Al), which
was kept at room temperature (28°C) for 24h to complete
gel formation. The subsequent treatment applied to the
obtained gel to produce the powder form of Xant-Al was
similar to the procedure used for Pec-Ca (see the previous
section).

2.2.4. Fluoride Adsorption Kinetics. A 1L aliquot of aqueous
fluoride solution with the pH adjusted to the optimal value
for fluoride removal was placed in a 2.8 L Fernbach flask. A
sample was taken to analyze the initial fluoride concentration
at t = 0. Subsequently, 2.0 g of Xant-Al was added to the
aqueous fluoride solution followed by simultaneous incuba-
tion at 28°C and orbital shaking (100 rpm). Samples were
taken at different time points and centrifuged at 17,000 rpm
for 1min. The fluoride content in the supernatant was then
determined using an ion-selective electrode [21]. Finally,
the qt value for each sample was calculated in accordance
with equation (4). All kinetic measurements were carried
out in triplicate, and the replicates were named as described
in the previous section.

2.2.5. Data from Other Sources. Kinetic data for cadmium
adsorption on reed leaves previously reported by [22] were
used in conjunction with the kinetic data from the dye and
fluoride removal experiments to construct the TOU model,
as detailed in the next section.

3. Modeling

The study of adsorption kinetics and identification of a
model that properly describes the experimental kinetic data
represent a valuable strategy for studying pollutant removal
from different effluents. As mentioned above, the PFO and
PSO models are the most used models for describing adsorp-
tion kinetics because their linear forms provide adequate fits
to different systems with high coefficients of determination
and simplicity. On the other hand, the PNO model, which
includes the PFO and PSO models, is applied to fractional-
order adsorption kinetics. While all these models can
describe the kinetics in specific cases, they do not allow the
inclusion of a variance component.

In contrast, in this study, a TOU model is proposed that
allows explaining and predicting removal kinetics. This
model includes a term that represents the randomness of
the adsorption process. This approach offers advantages over

the classical versions of the aforementioned models. As a
transformation of the OU model, the TOU model combines
the variability with an equilibrium state point [15]. The OU
model is a continuous-time, Gaussian, and asymptotically
stationary model [23].

Notably, the TOU model contains stochastic versions of
the PFO, PSO, and PNO models. Thus, the TOU model pro-
vides a general approach for modeling adsorption kinetics,
including the randomness of the adsorption process. This
means that the application of the TOU model is not limited
to the stochastic version of the PNO model. For instance,
the TOU model can be applied to fixed pseudo-n-order
kinetics, as for the classical PFO and PSO models.

The removal kinetics are characterized by the parameters
of the TOU model, including the maximum removal qe, the
pseudoorder n, the rate constant kn, and σ

2, which represents
the randomness of the adsorption process.

To introduce the TOU model, the stochastic version of
the PFO model (1) is first developed, and the relationship
between the ordinary and stochastic versions is described.

The PFO model (1) obeys the ordinary differential
equation

dqt = k1 qe − qtð Þdt: ð5Þ

The kinetics fqtgt≥0 can be considered to behave in
accordance with the OU model, which obeys the stochastic
differential equation (SDE)

dqt = λ qe − qtð Þdt + σdWt , ð6Þ

where λ is a rate constant and qe is the maximum removal
capacity, which is described in (1). The error term σdWt
has a normal distribution with a zero mean and variance
σ2dt, where fWtgt≥0 denotes a standard Brownian motion
and σ > 0. Hence, the error term takes both positive and
negative values.

A distinction must be drawn between the ordinary differ-
ential equation (5) and the SDE (6). The latter considers the
adsorption–desorption process to be a stochastic phenome-
non with a chaotic contribution arising from the dynamic
nature of the process. Other sources of noise include the
heterogeneity of the material used as an adsorbent and the
measurement process. In general, the parameter σ includes
all these sources of noise.

The solution of the SDE (6) is

qt = q0e
−λt + qe 1 − e−λt

� �
+ σ
ðt
0
e−λ t−sð ÞdWs, ð7Þ

where q0 ≥ 0 is the kinetics value at time t = 0. Typically, q0 is
assumed to be a known constant. An advantage of the model
(6) is its functionality for any value of q0. When q0 > 0, it
means that the adsorbents have been partially used (i.e., they
have the capacity to continue removing the adsorbate from
the polluted aqueous medium). For an adsorption process,
q0 is considered to be equal to 0, and this is assumed
hereafter.
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The solution of the OU model (6) is simplified as

qt = qe 1 − e−λt
� �

+ σ
ðt
0
e−λ t−sð ÞdWs: ð8Þ

Based on the properties of standard Brownian motion, qt
is a random variable with a normal distribution and mean

E qt½ � = qe 1 − e−λt
� �

: ð9Þ

An increasing global trend in adsorption is expected. The
variance of qt is given by

V qt½ � = σ2 1 − e−2λt

2λ = τ2 1 − e−2λt
� �

,  t ≥ 0, ð10Þ

where τ2 = ðσ2/ð2λÞÞ > 0. The long-term kinetics also have a
normal distribution with mean qe and variance τ2. In this
way, qe is the mean maximum capacity of adsorption when
the equilibrium state is reached, while the maximum variance
of the adsorption kinetics is τ2.

Note that the mean function E½qt� (9) solves the ordi-
nary differential equation (5), with λ = k1. In this sense,
with the proposed stochastic approach, the PFO model is
reproduced in terms of the mean adsorption kinetics (9).
The variability component in expression (8) explains the
dispersion of the adsorption process around its mean.
The natural uncertainty of the adsorption process is repre-
sented by expression (10).

As mentioned above, researchers that use the PFO model
widely assume a fixed qe value that is restricted to be greater
than the maximum experimental adsorption result. How-
ever, this assumption tends to overestimate the value of qe,
which limits the ability to estimate the model parameters
and the corresponding predict adsorption.

In contrast, using the approach proposed for model (8),
no previous information about the value of qe is required.
Rather, this parameter is estimated as part of the proposed
method.

Now, the proposed TOU model is described. The TOU
model is a generalization of the OU kinetic adsorption
model (8).

The model proposed for the adsorption kinetics of dif-
ferent pollutants in aqueous media is a time transforma-
tion of the OU model (8). In this sense, consider that
the adsorption process fqtgt≥0 comes from the following
time transformation:

qt = Xg tð Þ, ð11Þ

where fXtgt≥0 represents an OU model (8) (with parame-
ters qe, λ, τ > 0) and gðtÞ is a strictly increasing function

with gð0Þ = 0 and gð∞Þ = limt⟶∞gðtÞ =∞. This transfor-
mation implies

q0 = Xg 0ð Þ = X0 = 0,

E qt½ � = E Xg tð Þ
h i

= qe 1 − e−λg tð Þ
� �

,

V qt½ � = V Xg tð Þ
h i

= τ2 1 − e−2λg tð Þ
� �

,

ð12Þ

and

lim
t⟶∞

E qt½ � = lim
t⟶∞

E Xg tð Þ
h i

= lim
t⟶∞

qe 1 − e−λg tð Þ
� �h i

= qe,

lim
t⟶∞

V qt½ � = lim
t⟶∞

V Xg tð Þ
h i

= lim
t⟶∞

τ2 1 − e−2λg tð Þ
� �h i

= τ2:

ð13Þ

The time transformation preserves the role of the
parameters qe, λ, and τ. This means that the properties
that characterize the OU model in terms of its parameters
qe, λ, and τ are inherited by the new kinetic model qt . For
instance, the parameter qe is the maximum adsorption
value found in the equilibrium state, both for qt and Xt .
A similar interpretation holds for the parameter τ2, which
represents the asymptotic variance and maximum variance
for both processes. In expression (24) introduced later, the
common role of the parameter λ is verified for both
processes.

The time transformation gðtÞ has a flexible effect that
explains a wide variety of adsorption kinetics, preserving
the properties of equilibrium and uncertainty from the
underlying OU model.

Specifically, the proposed family of transformations in
the time domain is given by

g tð Þ = 1
a
ln 1 + atð Þ, t ≥ 0, ð14Þ

with a > 0. The OU model (without transformation) repre-
sents the case a = 0, which corresponds to the limit when
a⟶ 0:

g tð Þ = t, t ≥ 0: ð15Þ

Applying the time transformation given in equation (14)
to expression (11), the proposed TOU model is

qt = Xg tð Þ = qe 1 − e−λg tð Þ
� �

+ σ
ðg tð Þ

0
e−λ g tð Þ−sð ÞdWs

= qe 1 − e− λ/að Þ ln 1+atð Þ
� �

+ σ
ðg tð Þ

0
e−λ g tð Þ−sð ÞdWs

= qe 1 − 1
1 + atð Þλ/a

 !
+ σ
ðg tð Þ

0
e−λ g tð Þ−sð ÞdWs:

ð16Þ
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Based on the properties of the OU model, qt is a normal
random variable with mean defined by

E qt½ � = E Xg tð Þ
h i

= qe 1 − 1
1 + atð Þλ/a

 !
ð17Þ

and variance determined by

V qt½ � = V Xg tð Þ
h i

= τ2 1 − 1
1 + atð Þ2λ/a

 !
: ð18Þ

The TOU model parameters are qe, λ, τ, and a. The new
parameter a is related to the reaction order n of the kinetic
process, as explained here:

n = a
λ
+ 1 = λ + a

λ
: ð19Þ

Expression (17) can be converted into

E qt½ � = qe 1 − 1
1 + kn n − 1ð Þqn−1e tð Þ1/ n−1ð Þ

 !
, ð20Þ

where

kn =
λ

qn−1e
: ð21Þ

Therefore, the mean function (20) of the TOU model
matches the PNO model (3). In this sense, the PNO model
is a particular case of the TOU model, whenever σ = 0. The
interpretation of the parameters qe, n, and kn is the same in
both models.

The relationship between the TOU and PNO models is
also apparent when considering the rate function of the pro-
posed TOU model, which is derived from expression (20):

d
dt

E qt½ � = qeλ

1 + atð Þ λ+að Þ/a = kn qe − E qt½ �ð Þn: ð22Þ

Expression (3), which satisfies the ordinary differential
equation of the PNO model, was reported by [10].

The proposed TOU model (16) has the advantage of
including a variability component, which explains the disper-
sion of the kinetics around the mean function (20). In this
way, from expressions (18)–(21), the natural uncertainty in
the adsorption process is represented as the variance

V qt½ � = τ2 1 − 1
1 + kn n − 1ð Þqn−1e tð Þ2/ n−1ð Þ

 !
: ð23Þ

In the case without the time transformation (i.e., when
a = 0 and n = 1), the stochastic version of the PFO model
(1) is obtained. In addition, the stochastic version of the
PSO model (2) is obtained with a = λ and n = 2. In general
terms, the TOU model includes the stochastic versions of

the fractional-order models. The relationship between the
parameters n and a is given by the direct linear equation
(19); that is, a = ðn − 1Þλ. The kinetic curvature depends on
the parameter n or, equivalently, a (see Section 2.3 in [12].

Here, the interpretation of some parameters of the TOU
model is discussed. When t = 0 in equation (22), the initial
kinetic rate is given by

d
dt

E qt½ �t=0 = qeλ: ð24Þ

On the right side of expression (24), the initial kinetic
rate depends on the parameters qe and λ. In this sense, the
greater the equilibrium level qe, the greater the initial
kinetic rate. A similar conclusion applies for λ. Together
with qe, the parameter λ appears in all kinetics of order
n. Both parameters are comparable between kinetics of
several orders. Therefore, the reaction order n does not
determine the initial rate, given by expression (24). Lastly,
kn is the rate constant of pseudoorder n.

In adsorption kinetics, another important parameter is
the time needed to reach half of the qe value, which is denoted
herein as t1/2. For the stochastic version of the PFO model
(n = 1, a = 0), this time satisfies the following equation:

E qt1/2

h i
= qe 1 − e−λt1/2

� �
= qe

2 : ð25Þ

Based on this equation, we have

t1/2 =
ln 2
λ

: ð26Þ

Analogously, for the stochastic model of order n > 1
ða > 0Þ, the mean time is

t1/2 =
2a/λ − 1

a
= 2n−1 − 1
λ n − 1ð Þ : ð27Þ

On the other hand, with the stochastic approach, the
information obtained from repeated experiments is inte-
grated to obtain a single estimation of the removal kinetic
parameters. The model can predict adsorption at any time
t > 0. In particular, long-term predictions are obtained
with the estimated value of qe.

3.1. Determination of the Time te Required to Reach the
Equilibrium State. An additional advantage of the TOU
model is that it estimates the distribution of time te for attain-
ing the maximum adsorption level in the equilibrium state qe.
In the process of adsorption, the removal of the pollutant
tends to increase gradually until it becomes stable in the equi-
librium state. The time te needed to reach the equilibrium
state is a continuous positive random variable, and its
probability distribution is explicitly quantified [15, 24]. The
random variable te is the time lapse in which the maximum
amount of adsorbate qe is removed [25]. Its variability is
attributed to the nature of the experiment and the amounts
of both the adsorbate and adsorbent. The sources of noise
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also include the porosity of the adsorbent, which is related to
its surface area; the temperature, pH, ionic strength, polarity,
and viscosity of the solution that contains the adsorbate; and
the agitation speed. This means that when a specific adsorp-
tion experiment is repeated under the same conditions, the
time at which the qe value is reached differs among the exper-
imental replicates.

In formal terms, the random variable te is defined as

te = inf t ≥ 0 : qt = qef g: ð28Þ

For n = 1ða = 0Þ, the distribution and density functions of
te are given by

F1 tð Þ = P te ≤ tð Þ = 2Φ −
qe

τ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2λt − 1

p
� �

ð29Þ

and

f1 tð Þ = F1′ tð Þ =
2qeλ
τ

ϕ −
qe

τ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2λt − 1

p
� �

e2λt

e2λt − 1
� �3/2 , ð30Þ

whereΦð·Þ and ϕð·Þ are the standard normal distribution and
density functions Nð0, 1Þ, respectively. The subindex in F1ð·Þ
and f1ð·Þ refers to case n = 1:

The density function f1ðtÞ is skewed to the right; thus, its
median is recommended as a central measure:

Median1 =
1
2λ ln 1 + qe

τΦ−1 3/4ð Þ

� �2
 !

> 0: ð31Þ

As for the case of n > 1ða > 0Þ, the distribution of te is
obtained from the corresponding distribution of the time
required to reach equilibrium for the case n = 1 by using
the random variable transformation theorem. In this way,
the distribution function for te is

Fn tð Þ = F1
ln 1 + atð Þ

a

� �

= 2Φ −
qe

τ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + λ n − 1ð Þtð Þ2/n−1 − 1

q
0B@

1CA:

ð32Þ

The corresponding density function is

f n tð Þ = 1
1 + at

f1
ln 1 + atð Þ

a

� �

= 2qeλ
τ

ϕ −
qe

τ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + λ n − 1ð Þtð Þ2/n−1 − 1

q
0B@

1CA
× 1 + λ n − 1ð Þtð Þ 3−nð Þ/n−1

1 + λ n − 1ð Þtð Þ2/n−1 − 1
� �3/2 :

ð33Þ

Given that the function f nðtÞ is not symmetrical, the
median is a good measure of its central trend. In this case,
the median of this distribution is defined by

Median = ea·median1 − 1
a

= eλ n−1ð Þmedian1 − 1
λ n − 1ð Þ , ð34Þ

where median1 refers to the median of the case n = 1 (31).
Figure 1 shows a histogram of the time required to reach

the equilibrium state obtained from the simulation of 1000
adsorption kinetics. To quantify the distribution of time
needed to reach the equilibrium state based on the simula-
tions, the corresponding theoretical density of the time
required to reach equilibrium is also included in this figure.
As shown in Figure 1, the te value is not the same for all
the simulated kinetics; therefore, it is necessary to propose
an adequate estimation. Here, we propose using the median
to estimate the time required to reach equilibrium.

The knowledge of the density function provides valuable
information as it allows identifying the time range in which
the adsorption kinetics reaches the qe value. It also facilitates
the planning of experiments in sequence (i.e., the quality of
prediction is assessed at each observation of adsorption
kinetics). In this way, the experiment may be stopped before
originally planned when the estimated distribution of te
does not change significantly with additional experimental
runs, thereby reducing cost. For sequential techniques, see
[26, 27] and references therein.

3.2. TOU Model Estimation. The adsorption parameters are
estimated using the maximum likelihood method [28], which
involves finding the model parameters that maximize the
probability of reproducing the empirically observed data. In
this case, the function to be maximized is a likelihood func-
tion whose arguments are the parameters of the model. To
select the best TOUmodel for the experimental data, the like-
lihood function is maximized over the parameters λ, qe, a,
and τ. Using the proposed approach, the fitted model for
the optimal estimated parameters provides a high coefficient
of determination R2 (close to one).

As a first step, the likelihood function is obtained. Con-
sidering the properties of the TOU model, for h, t ≥ 0, the
increase in adsorption qt+h − qt in a time interval with length
h has a normal distribution:

qt+h − qt ∣ qt½ � ~ N mean = qe − qtð Þ 1 − e−λ g t+hð Þ−g tð Þð Þ
� �

,
�

variance = τ2 1 − e−2λ g t+hð Þ−g tð Þð Þ
� ��

,

ð35Þ

where gðtÞ is the function defined in equation (14). Now,
assuming that the process of adsorption is observed N + 1
times,

0 ≤ t0 < t1 <⋯ < tN , ð36Þ
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where the successive increments of adsorption are given
by

z1 = qt1 ,

z2 = qt2 − qt1 ,⋯, zN = qtN − qtN−1
:

ð37Þ

Based on equation (35) and the Markov property of the
OU model, the joint density function of the increase vector
is given by

f z1,⋯, zNð Þ

=
YN
i=1

1
τ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π 1 − e−2λhi
� �q e− zi− qe−qti−1ð Þ 1−e−λhið Þ½ �2/ 2τ2 1−e−2λhið Þ½ �

� ∝ τ−N
YN
i=1

1 − e−2λhi
� �−1/2

· e
−〠

N

i=1
zi− qe−qti−1
� �

1−e−λhi
� �h i2

/ 2τ2 1−e−2λhi
� �h i

,
ð38Þ

where hi = hiðaÞ = gðtiÞ − gðti−1Þ > 0 for i = 1,⋯,N . The
likelihood function is then given as

L qe, λ, a, τð Þ

= τ−N
YN
i=1

1 − e−2λhi
� �−1/2

· e
−〠

N

i=1
zi− qe−qti−1
� �

1−e−λhi
� �h i2

/ 2τ2 1−e−2λhi
� �h i

,
ð39Þ

with parametric space qe, λ, τ > 0, and a ≥ 0. The correspond-
ing log-likelihood function is

l qe, λ, a, τð Þ = −N ln τ −
1
2〠

N

i=1
ln 1 − e−2λhi
� �

−
1
2τ2 〠

N

i=1

zi − qe − qti−1

� �
1 − e−λhi
� �� �2

1 − e−2λhi
:

ð40Þ
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Figure 1: Adsorption kinetics obtained based on computer simulation (bottom) and the empirical distribution of the time required to reach
the equilibrium state (top). The parameters used in the simulation are qe = 2:0, n = 1, kn = 0:1, and σ = 0:02.
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If there are M repetitions of the adsorption experiment
with observations made at the same time points, the log-
likelihood function is

l qe, λ, a, τð Þ = −MN ln τ −
M
2 〠

N

i=1
ln 1 − e−2λhi
� �

−
1
2τ2 〠

M

j=1
〠
N

i=1

zij − qe − qti−1, j

� �
1 − e−λhi
� �� �2

1 − e−2λhi
,

ð41Þ

for qe, λ, τ > 0, and a ≥ 0. The maximum likelihood estimator

is the vector ðq̂e, bλ , â, bτÞ that maximizes the function lðqe, λ,
a, τÞ. The estimates of n and kn are obtained upon substitut-
ing q̂e, k̂1, and â into expressions (19) and (21), respectively.

Due to the complexity of the log-likelihood function, it is
not possible to obtain analytical expressions for the maxi-
mum likelihood estimators. Thus, the Newton–Raphson
method is used to obtain estimates of these parameters. For
this purpose, a program was created using the statistics
software R [29].

4. Results and Discussion

4.1. Dye Removal by Pec-Ca. Recently, various biomaterials
and their derivatives have been used to remove different
pollutants from aqueous media. In the case of dye removal,
biopolymers such as chitin, chitosan, xanthan, alginic acid,
and pectin have been applied [20, 30–35]. In this study,
Pec-Ca synthesized in our laboratory was used to remove
DR80 and DB1 dyes, whose structures are shown in
Figure 2. Hereafter, these systems are denominated as Pec-
Ca-DR80 and Pec-Ca-DB1, respectively.

The adsorption kinetics of dye removal were studied
using different dye concentrations (5, 10, 15, and 10mg/L).
All experiments were carried out in triplicate to ensure
reliability, repeatability, and precision in the information
obtained. The results obtained using all concentration values
were included in developing the TOUmodel proposed in this
article.

Figure 3 depicts the experimental kinetics of DR80
removal by Pec-Ca along with the theoretical curve obtained
by applying the TOU model to the data obtained at different
DR80 concentrations (5–20mg/L). The TOUmodel provides
an adequate fit to the experimental data for all concentration
levels. On the other hand, qt increases drastically from 0 to
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Figure 2: Chemical structures of the dyes used in this study.

8 Adsorption Science & Technology



40min. Subsequently, qt decreases until the system reaches
equilibrium (at approximately 200min).

Table 1 gives the estimated parameters obtained from the
TOU model and the goodness-of-fit measures of this model
when applied to the Pec-Ca-DR80 and Pec-Ca-DB1 systems.
As indicated by the high coefficient of determination (R2)
values (0.987–0.998), the low mean squared error (MSE)
values (0.023–0.054), and the normalized standard deviation
(Δq) values (0.866%–2.867%) in Table 1, the TOU model
provides adequate fits to the four experimental adsorption
kinetics of DR80 by Pec-Ca. In addition, the estimated value
of the maximum adsorption capacity at equilibrium (qe)
tends to increase as the initial DR80 concentration increases.

For comparison with the proposed TOU model, Table 2
shows the kinetic parameters obtained using the PFO, PSO,
and PNO kinetic equations for the Pec-Ca-DR80 and Pec-
Ca-DB1 systems. The coefficients of determination and
values of qe, n, and kn provided by the PNOmodel are similar
to those obtained with the TOU model (see Tables 1 and 2).
Thus, the TOUmodel is competitive with the PFO, PSO, and
PNO models in terms of its ability to fit the experimental
data.

The proposed TOU model gives the distribution of the
time te required to reach the equilibrium state, which is not

possible with the other models (PFO, PSO, and PNO). More-
over, the TOU model provides an explicit estimate for the
spread of the kinetics over the parameter σ.

Figure 4 shows the density functions of the time te
required to reach qe. In most cases, qe is reached within the
time interval from 40 to 200min. The medians of the density
functions have similar magnitudes at different dye concen-
trations; however, the density is greater in the Pec-Ca-DB1
system than in the Pec-Ca-DR80 system because the value
of n is greater in the Pec-Ca-DB1 system, as discussed later.

On the other hand, the values of n and kn for the Pec-Ca-
DR80 system remain on the same order of magnitude
(Table 1). Thus, the n values resulting from the TOU model
are between 1.137 and 1.48, while kn ranges from 0.079 to
0.135min–1·(mg/g)1–n. In previous reports, the PSO and
PNO models include the following assumptions [36]:

(1) There are binding sites located on the surface of the
adsorbent that are specific for the adsorbate molecule

(2) There are no interactions between the adsorbate
molecules bound to the adsorbent surface

(3) The adsorption energy does not depend on the
surface covered by adsorbate molecules
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Figure 3: Experimental adsorption kinetics of DR80 dye removal by Pec-Ca for different dye concentrations and theoretical curves obtained
by applying the TOU model to the experimental data.
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(4) The maximum adsorption is limited to a monolayer
of adsorbate molecules bound to the adsorbent
surface

(5) The concentration of the adsorbate is constant

The Pec-Ca-DR80 system does not satisfy the above
assumptions. For example, [37] reported that the attachment
of the first dye molecule to the adsorbent promoted the
formation of aggregates on the adsorbent surface. This is
attributed to aromatic rings and other functional groups of
the dye molecules, which generate molecular planarity and
lead to the formation of H-type aggregates [38, 39]. Conse-
quently, the DR80 dye molecules can attach to the adsorbent
in the form of monomers, dimers, multimers, and so on.
Additionally, pectin contains smooth and hairy regions that

have different molecular-level hydrophobicity and affinity
for DR80. This explains the irregularity in the values of n
and kn shown in Table 1.

On the other hand, consider a fractional maximum like-
lihood estimation (MLE) of the order n (see Table 1).
Figure 5 shows the likelihood function and coefficient of
determination relative to n for the initial DR80 dye concen-
tration of 20mg/L. Here, n = 1:47 is the MLE for the TOU
model. This optimal value results in a high coefficient of
determination (R2 = 0:998; see Figure 5). The orders n = 1
and n = 2 have lower likelihoods and coefficients of determi-
nation. Therefore, the PFO and PSO models are discarded.

On the other hand, Table 1 shows that the λ values
increase as the initial dye concentration increases, suggesting
that high dye removal values will result in a larger product

Table 1: Estimated values of the parameters of the TOU model and goodness-of-fit measures of adsorption kinetics for DR80 and DB1
removal using Pec-Ca for initial dye concentrations C0 of 5, 10, 15, and 20mg/L.

DR80 DB1

C0 (mg/L) 5 10 15 20 5 10 15 20

qe (mg/g) 2.0609 4.4638 6.7431 9.2135 2.2799 4.7308 7.2001 9.7113

n 1.1577 1.48 1.1369 1.4678 2.1685 1.2683 1.4042 2.0232

kn ((mg/g) 1−n/min) 0.0792 0.0508 0.135 0.0847 0.2855 0.1474 0.0824 0.0517

a 0.014 0.05 0.024 0.112 0.874 0.06 0.074 0.542

λ (1/min) 0.0888 0.1042 0.1753 0.2394 0.7479 0.2236 0.1831 0.5297

σ (mg/g) 0.0276 0.0406 0.0335 0.0865 0.0943 0.0718 0.11 0.2141

τ (mg/g) −1 0.0654 0.0889 0.0566 0.125 0.0771 0.1074 0.1817 0.208

Half-life t1/2(min) 8.2496 7.8957 4.1484 3.4195 1.4277 3.4062 4.3694 1.9048

Median (min) 59.5222 138.3391 42.9594 71.3158 93.7445 34.4779 56.5945 139.0425

Log-likelihood 5.9069 5.8103 6.0401 5.0367 6.6539 5.0189 4.2146 4.5655

R2 0.9865 0.9952 0.9983 0.9982 0.9868 0.9884 0.9855 0.9857

MSE (mg/g) 2 0.0233 0.0371 0.0266 0.0537 0.0233 0.0909 0.2686 0.4656

Δq %ð Þ 2.8672 1.8046 0.8658 0.9313 2.5519 2.6365 3.3137 2.519

Table 2: Kinetic parameters and coefficients of determination of the PFO, PSO, and PNO models for the adsorption of DR80 and DB1 by
Pec-Ca for initial dye concentrations C0 of 5, 10, 15, and 20mg/L.

Model C0 (mg/L)
DR80 DB1

n qe (mg/g) kn ((mg/g) 1−n/min) R2 n qe (mg/g) kn ((mg/g) 1−n/min) R2

PFO

5

1 2.0595 0.0765 0.9859 1 2.2323 0.1982 0.9816

PSO 2 2.1476 0.0735 0.9709 2 2.2681 0.2724 0.9867

PNO 1.1527 2.0669 0.0765 0.9868 2.1977 2.2791 0.3002 0.9868

PFO

10

1 4.3856 0.0755 0.988 1 4.7149 0.1763 0.9879

PSO 2 4.5888 0.0325 0.9893 2 4.7885 0.1202 0.9858

PNO 1.4318 4.4495 0.0533 0.9953 1.3035 4.7278 0.1490 0.9885

PFO

15

1 6.7332 0.1549 0.9981 1 7.1365 0.135 0.9825

PSO 2 6.8559 0.0683 0.9923 2 7.3142 0.0468 0.9827

PNO 1.1310 6.7407 0.136 0.9983 1.4527 7.1934 0.0809 0.9857

PFO

20

1 9.1636 0.1523 0.9951 1 9.5404 0.178 0.9765

PSO 2 9.3466 0.0466 0.9952 2 9.7267 0.051 0.9857

PNO 1.4260 9.2168 0.0878 0.9982 2.0031 9.7275 0.0509 0.9857
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λqe. This is because a greater difference in the DR80 concen-
tration between the aqueous phase and the adsorbent will
result in a greater driving force (chemical potential); thus,
the initial adsorption rate will be faster for the initial concen-
tration of 20mg/L than for the concentration of 5mg/L. In
addition, the pH value at which the adsorption kinetics were
measured (pH = 3) significantly affected the dye removal
efficiency. At this pH, Pec-Ca retains part of its molecular
structure, including a polymeric network in which the
galacturonate residues were found primarily in the smooth
region of pectin chelate calcium ion. Pectin “dimers” are then
formed and polymerize, changing the rheological properties
of pectin, which can be observed at the macroscopic level in
Pec-Ca gel [40, 41]. Since the pKa of pectin is between 2.8
and 4.1 [42], at pH = 3, some Pec-Ca molecules have a
sufficient positive charge to attract DR80 molecules, whose

charge is negative at pH 3 due to the presence of six sulfonate
groups (see Figure 2). Additionally, the presence of hydrogen
bonds between the functional groups of the dye and its
tautomers (sulfonate, amide, azo, and hydrazone) and the
functional groups of pectin (carboxyl, hydroxyl, and oxygen
atoms of glycosidic and hemiacetal bonds) cause DR80 to
have a high affinity for pectin. Furthermore, Yoshida’s
interactions between the electrons of the aromatic rings of
the dye and the hydrogen atoms of the sugar residues con-
tained in the polysaccharide reinforce the binding of DR80
to Pec-Ca [43].

Figure 6 shows the variation in qt as a function of time for
DB1 and the theoretical kinetics obtained with the TOU
model. The theoretical curve adequately reproduces the
experimental data, and the corresponding parameters are
included in Table 1.
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Figure 4: Density functions of the time (te) needed to reach the qe value at equilibrium for DR80 (top) and DB1 (bottom) at different initial
concentrations (5, 10, 15, and 20mg/L).
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Table 1 shows that the MSE values in the Pec-Ca-DB1
system are lower than those in the Pec-Ca-DR80 system.
Meanwhile, the R2 values of the Pec-Ca-DB1 system are
slightly lower than those of the Pec-Ca-DR80 system,

while the Δq values are larger. However, the obtained
values are acceptable from a statistical point of view and
confirm that the TOU model adequately describes the
experimental data.
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Figure 5: Indicators of the fit of the TOUmodel for DR80 adsorption (initial concentration = 20mg/L) at different values of n: log-likelihood
(left) and coefficient of determination (right).
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Figure 6: Experimental adsorption kinetics for the removal of DB1 by Pec-Ca at different initial dye concentrations and the theoretical curves
generated by applying the TOU model to the experimental data.
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As the DB1 concentration increases, the values of qe also
increase. Interestingly, the qe values obtained for DB1 are
higher than those found in the Pec-Ca-DR80 system. It is
important to mention that the adsorption kinetics of DB1
were measured at pH 2, resulting in the protonation of Pec-
Ca because the carboxyl groups of the galacturonate residues
contained primarily in the smooth region of this biopolymer
are protonated, and a considerable portion of Pec-Ca is
transformed into pectinic acid. This protonation favors the
formation of polygalacturonic acid regions, which repulse
DB1 molecules to a lesser extent than the calcium galacturo-
nate contained in Pec-Ca. This favors the formation of
hydrogen bonds between the functional groups of pectin
(as mentioned previously) and the sulfonate, amide, meth-
oxy, and keto groups of DB1. Moreover, Yoshida-type inter-
actions similar to those in the Pec-Ca-DR80 system increase
the affinity of DB1 for the polysaccharide. In contrast to the
Pec-Ca-DR80 system, the Pec-Ca-DB1 system has higher
pseudoorder values closer to n = 2, suggesting that the main
type of binding in the Pec-Ca-DB1 system is chemisorption.
Consequently, DB1 shows greater affinity for Pec-Ca than
DR80, consistent with the results discussed above.

The kn values reported in Table 1 decrease as the DB1
concentration increases. Reference [44] found that pectin
and alginic acid form a gel in a similar manner with the
calcium ion. In the same way, [31] found that when DB1 is
removed from an aqueous medium containing alginic acid,
DB1 tends to form aggregates on the surface of alginic acid.
Considering the structural similarity of these polysaccha-
rides, molecular aggregates of DB1 are expected to form on
the surface of pectin as the concentration of DB1 increases.
As a consequence, the diffusion rate of DB1 molecules
between the liquid and the pectin molecular surface will be
decreased.

In the same way, the λ values in the Pec-Ca-DB1 system
are greater than those in the Pec-Ca-DR80 system, suggesting
less repulsion between DB1 and pectinic acid than between
DR80 and pectinic acid. The forces involved in DB1 adsorp-
tion by Pec-Ca (electrostatic interaction, hydrogen bonding,
and hydrophobic interactions between the dye and the
neutral sugars in the hairy regions of pectin) are stronger
than those involved in the Pec-Ca-DR80 system. Further-
more, Figure 2 shows that the DB1 molecules are smaller
than the DR80 molecules, which allows them to penetrate
more deeply into the spaces between the hairy and smooth
regions of pectin [45]. These factors result in higher initial
adsorption rates in the Pec-Ca-DB1 system compared to
the Pec-Ca-DB80 system. Thus, as a general trend, the time
required to achieve half of qeðt1/2Þ will be shorter in the
Pec-Ca-DB1 system than in the Pec-Ca-DR80 system (see
Table 1).

It is important to note that in all cases, these times are
small (t1/2 values between 3.41 and 8.25min in the Pec-Ca-
DR80 system and between 1.42 and 4.36min in the Pec-Ca-
DB1 system). Thus, if Pec-Ca is used to remove dyes in batch
mode, the dye concentration can be reduced by half in these
short time periods. That is, Pec-Ca can be used to rapidly
remove a considerable amount of colorant in a short period
of time, which is often the main objective when dealing with

accidents of environmental concern involving highly pollut-
ing compounds like the dyes used in this study.

As shown in Table 1, the variation in qt with respect
to time (as estimated by the σ parameter) is higher in
the Pec-Ca-DB1 system than in the Pec-Ca-DR80 system.
Furthermore, the maximum variability of the adsorption
process (τ) obtained using the TOU model is larger in
the Pec-Ca-DB1 system than in the Pec-Ca-DR80 system.

4.2. Fluoride Removal by Xant-Al. The fluoride adsorption
kinetics at different initial concentrations (1–5mg/L) are
depicted in Figure 7, and the estimated parameter values
obtained from the application of the TOU model to the
experimental kinetics are shown in Table 3. As shown in
Figure 7, the qt value increases during the first 20–30min,
and the Xant-Al-fluoride system reaches equilibrium after
approximately 40min. The R2, MSE, and Δq values indicate
that the fit of the theoretical curve to the experimental data
is acceptable.

The PFO, PSO, and PNO models were also fit to the
fluoride adsorption data, and their estimated parameters
are shown in Table 4. The reported R2 values for these
models are similar to those obtained using the TOU model
(Table 3). Although the goodness of fit is similar for the
TOU, PFO, PSO, and PNOmodels, the estimated parameters
of the TOUmodel were obtained by the maximum likelihood
method, whereas those of the PFO, PSO, and PNO models
were obtained by maximizing the coefficient of determina-
tion R2. It is worth noting that a similar goodness of fit does
not necessarily imply similar estimated parameters (see the
values of the parameter kn for the initial fluoride concentra-
tion of 5mg/L in Tables 3 and 4). The parameter estimates
for kn obtained using the PSO and PNO models are sensitive
and tend toward high numerical values. Although the values
of R2 are close to one, the kinetic parameters for the PSO and
PNO models are more difficult to interpret from a physical
context than those obtained using the TOUmodel. Although
a high coefficient of determination is desirable, it should not
be used as a criterion to rank the quality of a particular
model. Moreover, the proposed methodology is numerical
and computationally stable.

As for the previously discussed systems, the value of qe
increases as the initial concentration of fluoride increases,
resulting in qe values ranging from 0.417 to 1.911mg/g at
initial fluoride concentrations in the range of 1–5mg/L.

Reference [20] reported that Xant-Al is formed by the
reaction of xanthan with AlCl3 in aqueous media. This prod-
uct is a gel that, when lyophilized, produces a powder with a
strong ability to remove different anions. Fluorides are
negatively charged and consequently can be removed from
aqueous environments by Xant-Al. This adsorbent contains
the polyhydroxyoxoaluminum clusters [Al13O4 (OH)24
(H2O)12] [SO4]4·19H2O (denominated as CAL-13) and
[Al30O8 (OH)56 (H2O)26] [SO4]9xH2O (denominated as
CAL-30) [46, 47]. These clusters act as linkers between
xanthan molecules to form a polymeric network that pos-
sesses a net positive charge that is variable and depends on
the proportions of CAL-13 and CAL-30 in Xant-Al.
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Consequently, negatively charged fluorides have a strong
affinity for Xant-Al.

Interestingly, at high fluoride concentrations, the vari-
ability in kinetics increases notably. The factors that cause
this variability can be extrinsic (inherent to the technique
used to quantify fluoride in the aqueous environment) or
intrinsic (dependent on physicochemical factors such as
pH, ionic strength, and the presence of metal ions that can
act as Lewis acids and favor the formation of coordination
compounds). Regarding extrinsic factors, all materials used
for quantification should be made of inert plastic; the use of
glass would cause a decrease in the fluoride concentration
in aqueous solution due to the presence of silicon dioxide,
resulting in the overestimation of the qe values.

Additionally, the standard curve used to quantify fluo-
ride based on the interpolation of the potentials measured
by the ion-selective electrode is not linear; thus, a logarith-
mic transformation must be applied to linearize the stan-

dard curve, which adds uncertainty to the quantification
of fluoride.

Reference [21] reported that the presence of Al(III) at
concentrations greater than 3mg/L negatively affects the
quantification of fluoride in water. Although Xant-Al was
washed five times in this study to remove excess Al ion, it
can be dissolved in an aqueous medium at this concentration
level and affect the measurement, especially at high fluoride
concentrations. Regarding intrinsic factors, the dissociation
of nearby water molecules by the Al atoms in the CAL-13
and CAL-30 clusters (they act as Arrhenius acids) generates
a local pH lower than that of bulk solution. It is important
to mention that the initial pH was adjusted to 7.0; after the
addition of Xant-Al, the pH decreased and reached a final
value of 3.0 at the end of the kinetic experiment. Thus, the
variation in the buffering capacity of the added buffer during
the determination of fluoride concentration caused signifi-
cant randomness in the obtained values of qe.
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Figure 7: Kinetics of fluoride adsorption by Xant-Al for five initial fluoride concentrations and the theoretical curve obtained from the
TOU model.
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As shown in Figure 7 and Table 3, the combined extrinsic
and intrinsic factors give rise to variability in the estimated
values of qe, kn, and n. In particular, the estimates of n are
high (close to 2), suggesting chemisorption between Xant-
Al and fluoride due to the strong electrostatic interaction
between these two ions (see Table 3). However, [48] reported
that n values greater than 2 result from an increase in the
number of adsorbate (tetracycline) binding sites due to the
breakdown of intra- and intermolecular interactions in chito-
san (adsorbent) as a result of the protonation of different
regions of this polymer dissolved in aqueous solution.

In contrast to the findings observed for chitosan, in the
Xant-Al-fluoride system, an opposite trend is observed as

the concentration of fluoride increases. This indicates that
Xant-Al has a defined number of binding sites that are
directly related to the amounts of CAL-13 and CAL-30 clus-
ters present in Xant-Al. When low concentrations of fluoride
are added to Xant-Al, the adsorption is governed by ionic
bonds between the fluoride ions and positively charged clus-
ters, resulting in high n valuess. When the fluoride concen-
tration increases, the finite binding sites on the CAL-13 and
CAL-30 clusters become occupied, and the ability of the fluo-
ride anions remaining in bulk solution to bind to the surface
of Xant-Al is reduced. In addition, the initial experimental
pH (7.0) was lower than the point of zero charge of Xant-
Al (pzc = 10:2), suggesting that this material had a positive

Table 3: Estimated parameter values of the TOU model and goodness-of-fit measures for the adsorption kinetics of fluoride by Xant-Al at
initial fluoride concentrations of 1, 2, 3, 4, and 5mg/L.

Xant-Al

C0 (mg/L) 1 2 3 4 5

qe (mg/g) 0.4169 0.8679 1.2866 1.6348 1.9111

n 3.5304 2.6629 2.0054 2.1147 1

kn ((mg/g) 1−n/min) 75.7363 4.1397 0.7427 1.0171 12.01

a 20.942 5.439 0.962 1.961 0

λ (1/min) 8.2763 3.2708 0.9569 1.7592 12.01

σ (mg/g) 0.0696 0.0803 0.0667 0.1929 0.246

τ (mg/g)–1 0.0171 0.0314 0.0482 0.1028 0.0502

Half-life t1/2 (min) 0.2281 0.3983 1.0472 0.5944 0.0577

Median (min) 418.3113 88.118 40.8972 16.7791 0.3358

Log-likelihood 9.7554 8.2108 7.025 5.5563 5.9835

R2 0.9936 0.9841 0.9648 0.8728 0.9898

MSE (mg/g)2 0.0005 0.0062 0.0326 0.1986 0.0212

Δq (%) 2.2515 3.5125 6.2594 10.7724 2.6762

Table 4: Kinetic parameters and coefficients of determination for the PFO, PSO, and PNO models of fluoride adsorption by Xant-Al for
initial fluoride concentrations of 1, 2, 3, 4, and 5mg/L.

C0 (mg/L) model n qe (mg/g) kn ((mg/g)1–n/min) R2

1

PFO 1 0.3837 0.8082 0.9734

PSO 2 0.3946 4.7417 0.9908

PNO 3.7317 0.423 94.3324 0.9938

2

PFO 1 0.8225 0.764 0.9678

PSO 2 0.8461 2.0937 0.983

PNO 2.7063 0.8696 4.3741 0.9841

3

PFO 1 1.2313 0.5094 0.9464

PSO 2 1.2785 0.8019 0.9652

PNO 2.111 1.2857 0.8386 0.9653

4

PFO 1 1.5591 0.871 0.8687

PSO 2 1.5951 1.4379 0.8775

PNO 2.2156 1.6053 1.6465 0.8776

5

PFO 1 1.9111 32.4142 0.9897

PSO 2 1.9111 81847.546 0.9897

PNO 1.0359 1.911 313.5464 0.9897
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charge at the start of each adsorption experiment. The
experimentally measured pH values at the end of the kinetic
experiments were all around 3.0; this pH would have pro-
moted the ionization of Xant-Al, diminishing the net charge
on the Xant-Al molecular surface. These results suggest that
n decreases (from 3.5 to 1.0) as the fluoride concentration
increases (see Table 3). In this sense, it is the Coulombic
attraction between Xant-Al and fluoride that gives rise to
the small t1/2 values (0.058–1.047min) since binding between
oppositely charged species occurs quickly.

Figure 8 shows the density functions of the time (te)
needed to reach qe at equilibrium for five fluoride concentra-
tion levels. This figure shows that the initial fluoride concen-
tration influences the shape of the density function. The
equilibrium time, the dispersion of the density function,
and the median all decrease considerably with increasing
fluoride concentration. This can be attributed to the electro-
static nature of the adsorption process, which releases energy
and takes place in a very short time. A greater amount of
“reagent” such as fluoride ion is expected to produce a greater
release of energy in a relatively short time to reach the equi-
librium state.

4.3. Cadmium Removal by Reed Leaves. The third system to
which the TOU model was applied is cadmium adsorption
by reed leaves, as reported by [22]. This group used several
plant materials, including reed leaves, to eliminate Cd(II) at
initial concentrations of 1, 2, 4, and 6mg/L in aqueous media.
Figure 9 shows the experimental adsorption kinetics and the
theoretical curve resulting from the application of the TOU
model to these data.

Reference [49] reported that reed leaf contains a consid-
erable percentage of lignin (8.74%), which has been shown
to form chelates with different divalent ions such as Cd(II),
Pb(II), Cu(II), Zn(II), and Ni(II) [50]. This is due to the pres-

ence of functional groups (e.g., hydroxyl and carboxyl
groups) in the structures of compounds attached to lignin
(e.g., p-coumaryl, coniferyl, and sinapyl alcohol and some
organic acids such as ferulic, p-coumaric, and p-hydroxyben-
zoic acid) [50, 51]. However, the high contents of cellulose
(49.4%) and hemicellulose (31.5%), which have little affinity
for divalent metal ions, limit the ability of reed leaf to remove
cadmium ion from aqueous solution (the qe values obtained
range from 0.0476 to 0.2994mg/g). Moreover, the values of
the constants obtained are small; consequently, a long time
is needed to reach equilibrium compared to the other systems
discussed in this work.

As shown in Table 5, the coefficients of determination,
MSE, and Δq values are acceptable; however, they show a
certain level of variability because the lignin, cellulose, and
hemicellulose contents vary from one reed leaf to another.
Consequently, the number of sites for Cd(II) adsorption
differs for the various Cd(II) concentration levels considered
in this study. Additionally, the n value was found to increase
as the concentration of Cd(II) increases. This trend is similar
to that found by [48], which used chitosan to remove tetracy-
cline in an aqueous medium. This behavior was attributed to
the protonation of the amino groups of the polysaccharide,
resulting in an increase in the number of adsorbate binding
sites. Reed leaves can be hydrated to facilitate the access of
ionic species present in aqueous solution, including Cd(II),
to the aforementioned functional groups (carboxyl and
hydroxyl groups); this phenomenon can explain the magni-
tude of n values observed in Table 5.

The PFO, PSO, and PNO kinetic models were fit to the
cadmium removal data, and the resulting parameter esti-
mates are shown in Table 6. The R2 value for the PNOmodel
is similar to that obtained using the TOU model (Table 5).
Although the goodness of fit is similar for the TOU and
PNO models, the kinetic parameters qe and kn of the PNO

Time (min)

Xant−Al: density functions

Concentration – median
mg/L – min
1 – 418.31
2 – 88.12
3 – 40.9

4 – 16.78
5 – 0.34

0

0.00

0.05

0.10

30 60 90

Figure 8: Density functions of the time (te) needed to reach qe at equilibrium for the adsorption of fluoride with Xant-Al in an aqueous
medium for five different initial fluoride concentrations.
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model are sensitive and tend to be higher than those for
the TOU model (for instance, compare the estimated
parameters for initial Cd(II) concentrations of 2,4, and

6mg/L in Tables 5 and 6). Such kinetic parameters are more
difficult to interpret from the physicochemical point of view.
These findings confirm that the performance of the TOU

Table 5: Estimated values of the parameters of the TOU model and goodness-of-fit measures for the adsorption of Cd(II) by reed leaves for
initial Cd(II) concentrations of 1, 2, 4, and 6mg/L.

Cadmium removal

C0 (mg/L) 1 2 4 6

qe (mg/g) 0.0476 0.0995 0.1995 0.2994

n 1.8456 2.7386 2.8269 3.8792

kn ((mg/g) 1−n/min) 0.7568 8.8618 1.6844 1.2885

a 0.0488 0.2788 0.1618 0.1152

λ (1/min) 0.0577 0.1604 0.0886 0.04

σ (mg/g) 0.0021 0.0016 0.0037 0.0104

τ (mg/g)–1 0.0063 0.0028 0.0087 0.0368

Half-life t1/2 (min) 16.3429 8.381 15.7408 55.2008

Median (min) 139.23 3437.19 3890.12 11370.4

Log-likelihood 10.577 12.439 10.141 7.616

R2 0.9727 0.996 0.9890 0.9051

MSE (mg/g)2 <10−4 <10−4 <10−4 <10−4

Δq (%) 28.77 2.476 5.188 18.07
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Figure 9: Adsorption kinetics for the removal of cadmium by reed leaves for four initial Cd(II) concentrations and the theoretical curve
obtained from the TOU model.
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model is competitive with other models in terms of its ability
to fit experimental data. In addition, the TOU model is
numerically and computationally stable.

The t1/2 values for this system also show apparently irreg-
ular behavior; however, the origin of this variability is the
same as that discussed for n and can be explained by the com-
positional heterogeneity of lignocellulosic materials such as
reed leaves [49]. Evidently, the average t1/2 value for this sys-
tem is greater than that of the Pec-Ca and Xant-Al systems
(see Table 5).

Figure 10 shows the te density functions for the four ini-
tial Cd(II) concentrations. As the initial Cd(II) concentration
increases, the density functions of the time required to reach
equilibrium show greater dispersion. Likewise, the median
and the time needed to reach equilibrium increase signifi-

cantly with increasing Cd(II) concentration. For instance,
increasing the Cd(II) concentration from 4 to 6mg/L gener-
ates a significant increase in the median te value from 3,890
to 11,370min. The proposed cadmium removal mechanism
implies a global formation constant (KF) in which organic
acids and alcohols chelate Cd(II). Thus, an increase in one
of the reactants (Cd+2) can be expected to promote an
increase in the respective Cd(II) complex concentration.
However, this process requires a longer time when the added
amount of Cd(II) increases.

It is important to note that the natures of both the pollut-
ant and adsorbent are essential in the removal of pollutants
such as dyes, fluoride, and Cd(II) by the materials used in this
study (Pec-Ca, Xant-Al, and reed leaves, respectively). Thus,
it is necessary to use models that adequately describe the

Time (min)

Cadmium: density functions

Concentration – median
mg/L – min

1 – 139.23
2 – 3437.19

4 – 3890.12
6 – 11370.4

0 3000 6000 9000

0.00

0.01

0.02

0.03

Figure 10: Density functions of the time (te) needed to reach equilibrium for the removal of Cd(II) using reed leaves at initial Cd(II)
concentrations of 1, 2, 4, and 6mg/L.

Table 6: Kinetic parameters and coefficients of determination for the PFO, PSO, and PNOmodels for the adsorption of Cd(II) by reed leaves
for initial Cd(II) concentrations of 1, 2, 4, and 6mg/L.

C0 (mg/L) Model n qe (mg/g) kn ((mg/g) 1−n/min) R2

1

PFO 1 0.0465 0.036 0.9686

PSO 2 0.0490 0.9052 0.9814

PNO 1.8245 0.0485 0.5076 0.9819

2

PFO 1 0.0906 0.0687 0.9371

PSO 2 0.095 1.1233 0.9846

PNO 3.1559 0.1015 26.016 0.9981

4

PFO 1 0.183 0.0344 0.9001

PSO 2 0.1925 0.2721 0.9729

PNO 3.6419 0.209 6.8439 0.9939

6

PFO 1 0.2318 0.0262 0.7009

PSO 2 0.255 0.0991 0.819

PNO 17.0668 0.6597 47.0188 0.9567
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observed adsorption kinetics. In this sense, the TOU model,
which includes models of different pseudoorders (i.e., the
PFO, PSO, and PNO (general) models) is a good option for
the studied systems, despite the different chemical character-
istics of the adsorbents and pollutants in these systems. The
findings suggest that the TOU model can be widely applied
for a variety of adsorbate–adsorbent systems in aqueous
environments.

5. Conclusions

The proposed TOU model based on the transformation of
the OU stochastic process consistently shows good perfor-
mance for describing the adsorption kinetics of different
pollutants by distinct materials in aqueous media. The
TOU model includes stochastic versions of the PFO, PSO,
and PNO models.

The TOU model successfully describes the approach to
equilibrium and the variability inherent in experimental
adsorption kinetics. The proposed model has wide applica-
tion potential to the removal of pollutants such as DR80
and DB1 dyes, fluoride, and cadmium ions by Pec-Ca,
Xant-Al, and reed leaves, respectively.

By explicitly including an uncertainty component, the
proposed model has the advantage of providing the probabil-
ity distribution of the time needed to reach equilibrium, which
reduces cost and facilitates the removal of pollutants in the
shortest time possible. Additionally, the estimation procedure
incorporated in the model considers all the experimental
kinetic replicates. The MLE method does not require knowl-
edge of the qe value. Furthermore, due to the predictive capac-
ity of the model, it is not necessary that kinetic experiments be
conducted up until the point that equilibrium is reached.

The proposed model is the first stochastic-based model
that can characterize different adsorption kinetic behaviors
and estimate the probability distribution of time at which
the maximum removal of different pollutants is achieved.

For future investigations, the structure of the proposed
model allows its extension to a wide family of adsorption
kinetic systems.
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