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Through the use of the measure theory, evolution family, “Acquistapace–Terreni” condition, and Hölder inequality, the core
objective of this work is to seek to analyze whether there is unique μ-pseudo almost periodic solution to a functional evolution
equation with Stepanov forcing terms in a Banach space. Certain adequate conditions are derived guaranteeing there is unique
μ-pseudo almost periodic solution to the equation by Lipschitz condition and contraction mapping principle. Finally, an
example is used to demonstrate our theoretical findings.

1. Introduction

Periodicity is a common phenomenon in the natural and
social sciences that varies over time. Periodicity can be caused
by business and economic activities, and it differs from trend
changes in that it is not a gradual development in one direc-
tion, but rather a series of rising and falling oscillations. Sun-
rise and sunset, the cycle of the seasons, and the moon
changing from deficit to surplus are all cyclical phenomena.
In epidemiology, the cycle refers to the frequency of disease
according to a certain interval of time, the regular ups and
downs of fluctuations; every several years, there is an epi-
demic peak phenomenon. In physics, it refers to the recipro-
cal motion of a mass in simple harmonic motion, which is
always cyclic, with each cycle taking the same amount of time
and being strictly periodic. In mathematics, a function whose
output value repeats periodically is called a periodic function.
The motion of the planets is not regular and elliptical,
because it can be influenced by other stars; the transmission
of radio waves can also be disturbed. Thus, the periodicity
will no longer be maintained. In such a case, the almost
period would better reflect the variation of the above phe-
nomenon with time. In mathematics, the almost periodic
function is a class of functions with approximately periodic
properties, which is the extension of the continuous periodic
function. Different periodic functions have different periods,

and their sums, differences, or products are not necessarily
periodic functions anymore, although the almost periodic
function may not have strict periodicity, but can have some
better properties than the periodic function. In theory, all
periodic functions in any paradigm do not constitute a
Banach space, while the probable periodic functions in the
upper bound paradigm constitute a Banach space. This also
shows that the probable periodic function will be more
widely used than the periodic function, and it is more practi-
cal to discuss the probable periodic solution of the equation.

In fact, strict periodic changes are difficult to appear in
nature. In real life, there are not many strict periodic phe-
nomena such as seven days a week. On the contrary, almost
periodic changes are more likely to accurately describe the
change law of nature. Almost periodic phenomena are more
common than periodic phenomena, and almost periodic
phenomena are closer to reality than periodic phenomena.
In reality, almost periodic phenomena are more likely to
occur.

Almost periodic function can better reflect the change
law of things in real life and explain the phenomena in real
life. It is a phenomenon easier to see in natural science and
social science. Almost periodic results are more common
than periodic results. Almost periodic function has many
other good properties, and its practical application is more
and more widely in real life. The almost periodic property
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of the solution of the equation has attracted the attention of
many scholars. Discussing the almost periodic property of
the solution of the equation has more extensive practical sig-
nificance and practical application value. Therefore, it has
become an important topic in mathematical research.

In 1992, Zhang proposed the idea of pseudo almost peri-
odic functions in the academic paper [1]. After that, in 2006,
the idea of weighted pseudo almost periodic functions was
presented by Diagana in the literature [2]. As an extension
of the concept of pseudo almost periodic functions and
weighted pseudo almost periodic functions, Blot et al. pre-
sented the idea of μ-pseudo almost functions in 2013 [3].
Since then, many scholars have conducted extensive
research on the properties of such functions and made
advantage of these properties to set up the existence of μ
-pseudo almost periodic solutions for partial functional non-
autonomous equation [4, 5], partial functional differential
equations [6, 7], partial differential equation [8], nonauton-
omous integrodifferential equations [9], and semilinear frac-
tional integrodifferential equations [10]. In 2007, Diagana
proposed the conception of the Stepanov pseudo almost
periodic function in the literature [11]. Then, in 2010, Diag-
ana et al. presented the conception of weighted Stepanov-
like pseudo almost periodic function in the literature [12],
as the generalization of Stepanov pseudo almost periodic
functions. In the literature [13], the authors Es-sebbar and
Ezzinbi proposed the notion of Stepanov μ-pseudo almost
periodic function. In [14], the authors studied whether there
is unique μ-pseudo almost periodic solution for a parabolic
evolution equation and the equation’s forced terms are
assumed to be μ-Stepanov pseudo almost periodic. In [15],
the authors established the convolution and composition
theorems of the μ-Stepanov pseudo almost periodic func-
tions and verified whether there is unique μ-pseudo almost
periodic mild solution of fractional integrodifferential
equation.

Inspired by the above, in this work, let ðK , k⋅kÞ be a
Banach space and 1 < p <∞; by the measure theory, we
mostly prove whether there is unique μ-pseudo almost peri-
odic solution to a functional evolution equation

d
dt

z tð Þ − ψ t,fC1 tð Þz tð Þ
� ��h i

= A tð Þ z tð Þ − ψ t,fC1 tð Þz tð Þ
� ��h i

+ g t, z tð Þ,fC2 tð Þz tð Þ
� ��

,

ð1Þ

for t ∈ℝ, where fAðtÞgt∈ℝ fulfills the Acquistapace–Terreni
condition, which is exponentially stable, and Qðt, sÞ created
by AðtÞ and ψ : ℝ × K ⟶ K , is μ-pseudo almost periodic
and g : ℝ × K × K ⟶ K is Stepanov-like μ-pseudo almost
periodic functions; fC1ðtÞ,fC2ðtÞðt ∈ℝÞ are families of (per-
haps unbounded) linear operators. The topic about whether
there is unique μ-pseudo almost periodic solution to func-
tional evolution equation with Stepanov forcing terms of
(1) is untreated in the past work, which is one of the crucial
incentives of this study.

The following is an outline for this work. Section 2 intro-
duces some essential concepts and basic properties. Section 3
is dedicated to demonstrating whether there are unique μ
-pseudo almost periodic solutions of (1). To give you an
illustration, in the last part, we provide a case supporting
our conclusion.

2. Preliminaries

Throughout the course of this project, ðK , k⋅kÞ and ðℍ,
k⋅kℍÞ are two Banach spaces. BCðℝ, KÞ (respectively,
BCðℝ ×ℍ, KÞ) is the Banach space of bounded continuous
functions from ℝ into K (respectively, jointly bounded
continuous functions ψ : ℝ ×ℍ⟶ K) as a result of its
norm by

ψk k∞ = sup
t∈ℝ

ψ tð Þk k: ð2Þ

We signify by D the Lebesgue D̂-field of ℝ and by N

the set of all positive measures μ on D such that μðℝÞ
= +∞ and μð½c, d�Þ < +∞ for all c, d ∈ℝ ðc ≤ dÞ.

From μ ∈N , the following assumptions are assumed.
(H1) For all c, d, and e ∈ℝ, such that 0 ≤ c < d ≤ e, there

exist bν0 ≥ 0 and α0 ≥ 0 satisfying ∣bν ∣ ≥bν0 ⇒ μððc + bν , d +bνÞÞ ≥ α0μð½bν , e + bν�Þ.
(H2) For all bν ∈ℝ, there exist ~α > 0 and a bounded inter-

val I satisfying

μ c + bν : c ∈ Bf gð Þ ≤ ~αμ Bð Þ, if B ∈D such thatB ∩ I =∅:

ð3Þ

Definition 1 (see [16]). Let ψðtÞ ∈ Cðℝ, KÞ, ψðtÞ be referred
to as almost periodic if, for any ε > 0, the set Eðψ, εÞ = fbκ
: kψðt + bκÞ − ψðtÞk for all t ∈ℝg is relatively dense; that is,
for any ε > 0, it is possible to locate a real number l = lðεÞ
> 0; for any interval with length lðεÞ, there exists a numberbκ = bκðεÞ in this interval satisfying kψðt + bκÞ − ψðtÞk for all
t ∈ℝ. We denote the space of all such functions by APðℝ,
XÞ.

Consider the function F, which is equal to

F xð Þ = sin xð Þ + sin
ffiffiffi
2

p
x

� �
: ð4Þ

F is an almost periodic function, while F is not periodic.
See almost periodic function F below in Figure 1.

Definition 2 (see [17]). A continuous function ψ : ℝ ×ℍ
⟶ K is regarded as almost periodic in t uniformly in rela-
tion to ~u inℍ, if for any compact subset K ⊂ℍ and every
ϵ > 0, there exists l > 0 such that every interval of length l,
it is possible to find a number bν in this interval with the fea-
ture that

ψ t + bν , ~uð Þ − ψ t, ~uð Þk k < ϵ, for t, ~uð Þ ∈ℝ × K: ð5Þ

The union of such functions will be referred to as APU
ðℝ ×ℍ ; KÞ.
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Proposition 3 (see [16]). If ψ, ψ1 and ψ2 ∈ APðKÞ, then

ψ1 + ψ2 ∈ AP Kð Þ: ð6Þ

(i) λψ ∈ APðKÞ for any scalar λ
(ii) ψα ∈ APðKÞ where ψα is the right translation func-

tion of ψðψα: ℝ⟶ K is characterised by ψαð⋅Þ = ψ
ð⋅ +αÞÞ

(iii) The range Rψ ≔ fψðtÞ: t ∈ℝg is a little package in
K ; thus, ψ is bounded in norm

(iv) If ψn ⟶ ψ uniformly on ℝ where each ψn ∈ APðKÞ,
then ψ ∈ APðKÞ too

Definition 4 (see [3]). Let μ ∈N . A continuous bounded
function ψ : ℝ⟶ K is regarded as μ-ergodic if

lim
ϖ⟶+∞

1
μ bϖ� � ðbϖ ψ tð Þk kdμ tð Þ = 0, ð7Þ

where bϖ ≔ ½−ϖ, ϖ�. All of these functions’ space is denoted
by Eðℝ ; K , μÞ.

Definition 5 (see [3]). Let μ ∈N . A continuous function ψ
: ℝ × K ⟶ℍ is regarded as μ-ergodic in t ∈ℝuniformly
in relation to x ∈ K , if the two following statements are
satisfied:

(i) For all x ∈ K , ψð:,xÞ ∈Eðℝ ; K , μÞ
(ii) ψ is uniformly continuous on every compact set K in

K in terms of the second variable x

The union of such functions will be referred to as EU
ðℝ × K ;ℍ, μÞ.

Proposition 6 (see [13]). If a sequence ðψnÞn of μ-ergodic
functions uniformly converges to a function ψ, then ψ is also
μ-ergodic.

Theorem 7 (see [3]). Let μ ∈N . Then, ðEðℝ ; K , μÞ, k⋅k∞Þ is
a Banach space.

Definition 8 (see [3]). Let μ ∈N . A continuous function
ψ : ℝ⟶ K is called μ-pseudo almost periodic if it is able
to create it as

ψ = ψ1 + ψ2, ð8Þ

where ψ1 ∈ APðℝ ; KÞ and ψ2 ∈Eðℝ ; K , μÞ. Indicate
with PAPðℝ ; K , μÞ the area occupied by such functions.

Definition 9 (see [3]). Let μ ∈N . A continuous function
ψ : ℝ × K ⟶ℍ is called μ-pseudo almost periodic in
t ∈ℝ uniformly in relation to x ∈ K , if it is possible to write
it in the form

ψ = ψ1 + ψ2, ð9Þ

where ψ1 ∈ APUðℝ × K ;ℍÞ and ψ2 ∈EUðℝ × K ;ℍ, μÞ.
The set of such functions is represented by the symbol PA
PUðℝ × K ;ℍ, μÞ.

Theorem 10 (see [3]). Let μ ∈N , ψ ∈ PAPUðℝ ×ℍ ; K , μÞ,
and u ∈ PAPðℝ ;ℍ, μÞ. Assume for all bounded subset B of
ℍ, f is bounded on ℝ × B. Then, the function

t↦ ψ t, u tð Þð Þ½ � ∈ PAP ℝ ; K , μð Þ: ð10Þ

Definition 11 (see [12]). Let 1 ≤ p <∞. The space BSpðℝ ; KÞ
of all Stepanov bounded functions, in conjunction with the
exponent p, all measurable functions are included in this cat-
egory f on ℝ in regard to value K such that ψb ∈ L∞ðℝ, Lp
ð0, 1Þ ; KÞ:BSpðℝ ; KÞ. This is a Banach space when the norm
is followed

ψk kSp = ψb
��� ���

L∞ ℝ,Lpð Þ
= sup

t∈ℝ

ðt+1
t

ψ ϱð Þk kpdϱ
� 	1/p

<∞: ð11Þ

A function ψ ∈ Lplocðℝ ; KÞ is Stepanov bounded (Sp

-bounded) if kψkSp <∞. It goes without saying that Lpðℝ ;
KÞ ⊂ BSpðℝ ; KÞ ⊂ Lplocðℝ ; KÞ.

Definition 12 (see [12]). A function ψ ∈ BSpðℝ ; KÞ is called
almost periodic in the sense of Stepanov (Sp-almost peri-
odic) if for each ϵ > 0. There is such a thing as a positive
number l as a result each length l interval includes a number
c; there exists bν ∈ ½c, c + lε� satisfying

ð
t,t+1½ �

ψ ϱ + ν∧ð Þ − ψ ϱð Þk kpdϱ
 !1/p

< ε, t ∈ℝ: ð12Þ

Let APpðℝ ; KÞðSp − APðℝ ; KÞÞ be the collection of all Sp

-almost periodic functions.
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Figure 1: Almost periodic function F.
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Definition 13 (see [13]). Let μ ∈N . A function ψ ∈ BSpðℝ ;
KÞ is referred to as Sp-μ-ergodic if

lim
ϖ⟶+∞

1
μ bϖ� � ðbϖ

ðt+1
t

ψ ϱð Þk kpdϱ
� 	1/p

dμ tð Þ = 0: ð13Þ

We mean by Epðℝ ; K , μÞ the functions.

Definition 14 (see [13]). Let μ ∈N . A function ψ ∈ BSpðℝ ;
KÞ is called a Sp-μ-pseudo almost periodic (or Stepanov μ
-pseudo almost periodic) if it can be stated in this way ψ =
ψ1 + ψ2, where ψ1 ∈ AP

pðℝ ; KÞ and ψ2 ∈E
pðℝ ; K , μÞ.

PAPpðℝ ; K , μÞ or Sp − PAPðℝ ; K , μÞ denotes a group of
functions that are analogous.

Definition 15 (see [14]). Let μ ∈N A function ψ : ℝ ×ℍ
⟶K with ψð:,yÞ ∈ Lplocðℝ ; KÞ for each y ∈ℍ is called Sp

-μ-pseudo almost periodic in y ∈ℍ uniformly in t ∈ℝ if it
may be presented as ψ = ψ1 + ψ2, where ψ1 ∈ AP

pðℝ ×ℍ ;
KÞ and ψ2 ∈E

pðℝ ×ℍ ; K , μÞ. The space occupied by such
functions will be indicated by PAPUpðℝ ×ℍ ; K , μÞ or Sp

− PAPðℝ ×ℍ ; K , μÞ.

Theorem 16 (see [14]). Let μ ∈N satisfy (H2), if ψ ∈ PAP
ðℝ ; K , μÞ then f ∈ PAPpðℝ ; K , μÞ.

Theorem 17 (see [18]). Assume that ψ ∈ BSpðℝ, KÞ. Then,
ψ ∈Epðℝ, K , μÞ if and only if, for whatever reason ϵ > 0

lim
ϖ⟶+∞

μ t ∈ bϖ ;
Ð t+1
t ψ ϱð Þk kpdϱ

� �1/p
> ϵ


 �
μ bϖ� � = 0: ð14Þ

Then, by Propositions 3 and 6, as a consequence, we
arrive to the following conclusion.

Proposition 18. Let fψngn∈ℕ ⊂ PAPðℝ ; K , μÞ be a sequence
of functions. If ψn uniformly converges to some ψ, then ψ ∈
PAPðℝ ; K , μÞ.

3. Main Results

In the next, we are devoted whether there is unique μ
-pseudo almost periodic mild solution to (1). Throughout
the remainder of this paper, the following hypotheses will
be required.

(H3) There exist constants μ0 ≥ 0, ϑ ∈ ðπ/2, πÞ, L1, L2 ≥ 0,
and α1, β1 ∈ ð0, 1� with α1 + β1 > 1 such that

Σϑ ∪ 0f g ⊂ ρ A xð Þ − μ0ð Þ, R λ, A xð Þ − μ0ð Þk k ≤ L2
1+∣λ ∣ ,

A xð Þ − μ0ð ÞR λ, A xð Þ − μ0ð Þ R μ0, A xð Þð Þ − R μ0, A yð Þð Þ½ �k k
≤ L1 x − yj jα1 λj j−β1 ,

ð15Þ

for x, y ∈ R, λ ∈ Σϑ ≔ fλ ∈ C − f0g: ∣ arg λ∣≤ϑg.
(H4) The evolution family Qðx, bκÞ produced by AðxÞ is

exponentially stable, namely, there are constants K0, bβ > 0
in order for

Q x, bκð Þk k ≤ K0e
−β∧ x−κ∧ð Þ, ð16Þ

for all x ≥ bκ . And the function ℝ ×ℝ↦ K , ðx, bκÞ↦Qðx, bκÞ
s ∈ APðℝ ×ℝ, KÞ uniformly for all s in any bounded subset
of K.

(H5) The linear operators fC1ðtÞ,fC2ðtÞ: K ⟶ K satisfy

t↦fC1 tð Þ and t↦fC2 tð Þ ∈ AP ℝ, B K , Kð Þð Þ: ð17Þ

Let

ω≔max sup
t∈ℝ

fC1 tð Þ
��� ���

B K ,Kð Þ
, sup
t∈ℝ

fC2 tð Þ
��� ���

B K ,Kð Þ

� 	
: ð18Þ

(H6) The function ψ ∈ PAPUðℝ ×ℍ ;ℍ, μÞ and there
exists Lψ > 0 which satisfies

ψ t, s1ð Þ − ψ t, s2ð Þk k ≤ Lψ s1 − s2k k, ð19Þ

for all t ∈ℝ and for each s1, s2 ∈ℍ.
(H7) The function g ∈ PAPUpðℝ × K × K ; K , μÞ and

there exists L3 > 0 that satisfies kgðt,m1, n1Þ − gðt,m2, n2Þk
≤ L3ðkm1 −m2k + kn1 − n2kÞ, for all t ∈ℝ and for ðm1, n1Þ
, ðm2, n2Þ ∈ K × K .

Definition 19. A continuous function z : ℝ⟶ K is referred
to as a μ-pseudo almost periodic mild solution of (1), if for
each t ≥ t0 and t0 ∈ℝ,

z tð Þ − ψ t,fC1 tð Þz tð Þ
� �

=Q t, t0ð Þ z t0ð Þ − ψ t0,fC1 t0ð Þz t0ð Þ
� �h i

+
ðt
t0

Q t, ϱð Þg ϱ, z ϱð Þ,fC2 ϱð Þz ϱð Þ
� �

dϱ, t ∈ℝ:

ð20Þ

It can be shown that a function z is a mild solution of (1)
for each t ∈ℝ and by the expression

z tð Þ = ψ t,fC1 tð Þz tð Þ
� �

+
ðt
−∞

Q t, ϱð Þg ϱ, z ϱð Þ,fC2 ϱð Þz ϱð Þ
� �

dϱ,

ð21Þ
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since

z t0ð Þ = ψ t0,fC1 t0ð Þz t0ð Þ
� �

+
ðt0
−∞

Q t0, ϱð Þg ϱ, z ϱð Þ,fC2 ϱð Þz ϱð Þ
� �

dϱ,

Q t, t0ð Þz t0ð Þ =Q t, t0ð Þψ t0,fC1 t0ð Þz t0ð Þ
� �

+
ðt0
−∞

Q t, ϱð Þg ϱ, z ϱð Þ,fC2 ϱð Þz ϱð Þ
� �

dϱ

=Q t, t0ð Þψ t0,fC1 t0ð Þz t0ð Þ
� �

+
ðt
−∞

Q t, ϱð Þg ϱ, z ϱð Þ,fC2 ϱð Þz ϱð Þ
� �

dϱ

−
ðt
t0

Q t, ϱð Þg ϱ, z ϱð Þ,fC2 ϱð Þz ϱð Þ
� �

dϱ

=Q t, t0ð Þψ t0,fC1 t0ð Þz t0ð Þ
� �

+ z tð Þ − ψ t,fC1 tð Þz tð Þ
� ��

−
ðt
t0

Q t, ϱð Þg ϱ, z ϱð Þ,fC2 ϱð Þz ϱð Þ
� �

dϱ:

ð22Þ

It follows that

z tð Þ = ψ t,fC1 tð Þz tð Þ
� ��

+
ðt
−∞

Q t, ϱð Þg ϱ, z ϱð Þ,fC2 ϱð Þz ϱð Þ
� �

dϱ:

ð23Þ

Theorem 20. Let μ ∈N . If g ∈ PAPUpðℝ ×W × K ; K , μÞ
satisfies the following condition

g t,m1, r1ð Þ − g t,m2, r2ð Þk kX ≤ L3 m1 −m2k kW + r1 − r2k kX
� �

,
ð24Þ

for all t ∈ℝ and m1,m2 ∈W and r1, r2 ∈ K . If φ ∈ PAPðℝ ;
K , μÞ moreover ϕ ∈ PAPðℝ ;W, μÞ, then gð:,ϕð:Þ, φð:ÞÞ ∈
PAPpðℝ ; K , μÞ.

Proof. Since g ∈ PAPUpðℝ × K , K , μÞ, then g = ζ + h and
ϕ = u + v, φ = x + y, where ζ ∈ APUpðℝ × K × K , KÞ, h ∈Epð
ℝ × K × K , K , μÞ, u, x ∈ APðℝ, KÞ and v, y ∈Eðℝ, K , μÞ:
Decompose g as follows:

Ψ tð Þ = ζ t, u tð Þ, x tð Þð Þ + g t, ϕ tð Þ, φ tð Þð Þ − ζ t, u tð Þ, x tð Þð Þ
= ζ t, u tð Þ, x tð Þð Þ + g t, ϕ tð Þ, φ tð Þð Þ − g t, u tð Þ, x tð Þð Þ

+ h t, u tð Þ, x tð Þð Þ:
ð25Þ

Let us rewrite ΨðtÞ = FðtÞ +ΦðtÞ + ΔðtÞ, where

F tð Þ = ζ t, u tð Þ, x tð Þð Þ,
Φ tð Þ = g t, ϕ tð Þ, φ tð Þð Þ − g t, u tð Þ, x tð Þð Þ,
Δ tð Þ = h t, u tð Þ, x tð Þð Þ:

ð26Þ

We have FðtÞ ∈ APpðℝ, XÞ through the composition of
Sp-almost periodic functions in [19]. So it can be proved Φ
ðtÞ and ΔðtÞ belong to Epðℝ × K , K , μÞ. Obviously, ΦðtÞ ∈
BSpðℝ, XÞ. Actually, we get

ð
t,t+1½ �

Φ ϱð Þk kpdϱ
 !1/p

≤
ð

t,t+1½ �
L3 ϕ ϱð Þ − u ϱð Þk k + φ ϱð Þ − x ϱð Þk kð Þð Þpdϱ

 !1/p

≤ L3

ð
t,t+1½ �

v ϱð Þk kpdϱ
 !1/p

+
ð

t,t+1½ �
y ϱð Þk kpdϱ

 !1
p

0@ 1A, for any t ∈ℝ:

ð27Þ

Since v, y is bounded, then ΦðtÞ ∈ BSpðℝ × X, XÞ. Let Aϵbϖ
and Mbϖ ,ϵ be denoted by

Aϵbϖ = t ∈ bϖ ;
ð

t,t+1½ �
Φ ϱð Þk kpdϱ

 !1/p

> ϵ

( )
,

Mbϖ ,ϵ = t ∈ bϖ ;
ð

t,t+1½ �
v ϱð Þk kpdϱ

 !1/p

+
ð

t,t+1½ �
y ϱð Þk kpdϱ

 !1/p

> 2ϵ
( )

:

ð28Þ

From (27), we obtain Mbϖ ,bβ ⊂ Aϵbϖ and μðMbϖ ,bβ Þ ≤ μðAϵbϖ Þ
infers that

μ t ∈ bϖ ; Ð t,t+1½ � Φ ϱð Þk kpdϱ
� �1/p

> ϵ


 �� 	
μ bϖ� �

≤
μ t ∈ bϖ ;

Ð
t,t+1½ � v ϱð Þk kpdϱ

� �1/p
> ϵ


 �� 	
μ bϖ� �

+
μ t ∈ bϖ ;

Ð
t,t+1½ � y ϱð Þk kpdϱ

� �1/p
> ϵ


 �� 	
μ bϖ� � :

ð29Þ

From Theorem 16, we get v, y ∈Epðℝ, K , μÞ. Since v, y
∈Epðℝ, K , μÞ and Theorem 17, we derive that

lim
ϖ⟶+∞

μ t ∈ bϖ ;
Ð
t,t+1½ � v ϱð Þk kpdϱ

� �1/p
> ϵ


 �� 	
μ bϖ� �

= lim
ϖ⟶+∞

μ t ∈ bϖ ; Ð t,t+1½ � y ϱð Þk kpdϱ
� �1/p

> ϵ


 �� 	
μ bϖ� � = 0,

ð30Þ

which deduces that

lim
ϖ⟶+∞

μ t ∈ bϖ ; Ð t,t+1½ � Φ ϱð Þk kpdϱ
� �1/p

> ϵ


 �� 	
μ bϖ� � = 0: ð31Þ

This deduces from Theorem 17 that ΦðtÞ ∈Epðℝ × K ,
K , μÞ. Now, we show that ΔðtÞ ∈Epðℝ, K , μÞ. From u, x ∈
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APðℝ, KÞ then uðℝÞ, xðℝÞ is compact; moreover, ζb is uni-
formly continuous with respect to ℝ × ½0, 1� × uðℝÞðor
xðℝÞÞ. We infer that hb is uniformly continuous with respect

to ℝ × ½0, 1� × uðℝÞðor xðℝÞÞ, namely, for ϵ > 0, let bβ > 0
such that for ða1, b1Þ, ða2, b2Þ ∈ uðℝÞ × xðℝÞ with ka1 − a2k
+ kb1 − b2k < bβ we get

ð
t,t+1½ �

h ϱ, a1, b1ð Þ − h ϱ, a2, b2ð Þk kpdϱ
 !1/p

< ε

2 , for any t ∈ℝ:

ð32Þ

Because uðℝÞ × xðℝÞ is compact, there exist finite balls
Oθ with center ðβθ, γθÞ ∈ uðℝÞ × xðℝÞ, θ = 1, 2⋯ n such that

for any ða2, b2Þ ∈ uðℝÞ × xðℝÞ we get kβθ − a2k + kγθ − b2k
< bβ for 1 ≤ θ ≤ n. Let

Bθ = t ∈ℝ, u tð Þ − βθk k + x tð Þ − γθk k < bβn o
, θ = 1, 2, 3,⋯, n,

D1 =B1,

Dθ =
Bθ

∪θ−1
i=1Bi

� � , θ = 1, 2, 3,⋯, n:

ð33Þ

Thus,

ℝ = ∪
n

θ=1
Bθ,

ℝ = ∪
n

θ=1
Dθ,

Di ∩D j =∅ i ≠ jð Þ:

ð34Þ

Define function e1, e2 : ℝ⟶ K by e1ðtÞ = βθ, e2ðtÞ = γθ
for t ∈ Bθ and θ = 1, 2, 3,⋯, n. So kuðtÞ − e1ðtÞk + kxðtÞ −
e2ðtÞk < bβ for t ∈ℝ. Therefore, we have

ð
t,t+1½ �

h ϱ, u ϱð Þ, x ϱð Þð Þ − h ϱ, e1 ϱð Þ, e2 ϱð Þð Þk kpdϱ
 !1/p

≤ 4 × 21/pϵ:

ð35Þ

Since h ∈Epðℝ × K , K , μÞ, then there exists ϖ0 > 0 such that
for ϖ > ϖ0: for every θ = 1, 2, 3,⋯, n

1
μ bϖ� � ðbϖ

ð
t,t+1½ �∩Dθ

h ϱ, βθ, γθð Þk kpdϱ
 !1/p

dμ tð Þ ≤ 4 × 21/pn1/pϵ:

ð36Þ

Then,

1
μ bϖ� � ðbϖ

ð
t,t+1½ �

h ϱ, u ϱð Þ, x ϱð Þð Þk kpdϱ
 !1/p

dμ tð Þ = 1
μ bϖ� � ðbϖ

· 〠
n

θ=1

ð
t,t+1½ �∩Dθ

h ϱ, u ϱð Þ, x ϱð Þð Þ − h ϱ, βθ, γθð Þ + h ϱ, βθ, γθð Þk kpdϱ
 !1/p

dμ tð Þ

≤
21+ 1/pð Þ

μ bϖ� � ðbϖ 〠
n

θ=1

ð
t,t+1½ �∩Dθ

h ϱ, u ϱð Þ, x ϱð Þð Þ − h ϱ, βθ, γθð Þk kpdϱ
 !1

p

dμ tð Þ

+ 21+ 1/pð Þ

μ bϖ� � ðbϖ 〠
n

θ=1

ð
t,t+1½ �∩Dθ

h ϱ, βθ, γθð Þk kpdϱ
 !1/p

dμ tð Þ

≤
21+ 1/pð Þ

μ bϖ� � ðbϖ
ð

t,t+1½ �
h ϱ, u ϱð Þ, x ϱð Þð Þ − h ϱ, e1 ϱð Þ, e2 ϱð Þð Þk kpdϱ

 !1/p

dμ tð Þ

+ 21+ 1/pð Þ

μ bϖ� � ðbϖ 〠
n

θ=1

ð
t,t+1½ �∩Dθ

h ϱ, βθ, γθð Þk kpdϱ
 !1/p

dμ tð Þ ≤ ϵ:

ð37Þ

It follows that ΔðtÞ ∈Epðℝ, K , μÞ. The proof is com-
pleted.

Lemma 21. Let μ ∈N . Assume that ðH3Þ − ðH4Þ hold. If Φ is
an Sp-μ-pseudo almost periodic function, then

ΓΦð Þ tð Þ =
ðt
−∞

Q t, ϱð ÞΦ ϱð Þdϱ, t ∈ℝ ð38Þ

is a μ-pseudo almost periodic function.

Proof. Since Φ ∈ SpPAPðℝ ; K , μÞ, then we have the following
decomposition Φ =Φ1 +Φ2 where Φ1 ∈ SpAPðℝ ; KÞ and
Φ2 ∈E

pðℝ ; K , μÞ. We define

ΓΦ1ð Þ tð Þ =
ðt
−∞

Q t, ϱð ÞΦ1 ϱð Þdϱ, ΓΦ2ð Þ tð Þ

=
ðt
−∞

Q t, ϱð ÞΦ2 ϱð Þdϱ, t ∈ℝ:

ð39Þ

Since there exist ð1/pÞ + ð1/qÞ = 1, where p > 1, the proof
is as follows. Let us show that ðΓΦ1ÞðtÞ ∈ APðℝ ; KÞ.

We define

ΓΦ1ð Þθ tð Þ =
ðt−θ+1
t−θ

Q t, ϱð ÞΦ1 ϱð Þdϱ, θ ∈ℕ, t ∈ℝ: ð40Þ

By virtue of the Hölder inequality and formula (16), we
get

ΓΦ1ð Þθ tð Þ�� �� = ðt−θ+1
t−θ

Q t, ϱð ÞΦ1 ϱð Þdϱ
���� ����

≤
ðt−θ+1
t−θ

Q t, ϱð Þk k Φ1 ϱð Þk kdϱ

≤ K0

ðt−θ+1
t−θ

e−qβ∧ t−ϱð Þdϱ
� 
1/q ðt−θ+1

t−θ
Φ1 ϱð Þk kpdϱ

� 
1/p
≤
K0 eqβ∧ − 1
� �ffiffiffiffiffiffi

qbβq
q e−θβ∧ Φ1k kSp :

ð41Þ
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Since ∑∞
θ=1e

−β∧θ is convergent, so take advantage of the
Weierstrass theorem, we obtain that the sequence of
functions ∑∞

θ=1ðΓΦ1ÞθðtÞ is convergent uniformly on ℝ;
moreover, ∑∞

θ=1ðΓΦ1ÞθðtÞ = ðΓΦ1ÞðtÞ then ðΓΦ1Þð:Þ is con-
tinuous and

ΓΦ1ð Þ tð Þk k ≤ 〠
∞

θ=1
ΓΦ1ð Þθ tð Þ�� ��

≤
K0 eqβ∧ − 1
� �ffiffiffiffiffiffi

qbβq
q Φ1k kSp 〠

∞

θ=1
e−β∧θ, for all t ∈ℝ:

ð42Þ

Next, we can demonstrate that ðΓΦ1Þð:Þ ∈ APðℝ ; KÞ.
Since Φ1 ∈ SpAPðℝ ; KÞ, let ϵ > 0; afterwards, there is lðϵÞ
> 0 such that each length interval lðϵÞ contains bν based on
the estimate

sup
t∈ℝ

ðt+1
t

Φ1 ϱ + ν∧ð Þ −Φ1 ϱð Þk kpdϱ1/p
� 


< ϵ1ϵ, ð43Þ

where ϵ1 =
ffiffiffiffiffiffi
qbβq

q
ðeβ∧ − 1Þ/ðK0ðeqβ∧ − 1ÞÞ,

ΓΦ1ð Þθ t + bνð Þ − ΓΦ1ð Þθ tð Þ�� ��
=
ðt+bν−θ+1
t+bν−θ Q t + bν , ϱð ÞΦ1 ϱð Þdϱ −

ðt−θ+1
t−θ

Q t, ϱð ÞΦ1 ϱð Þdϱ
�����

�����
≤
ðt−θ+1
t−θ

Q t, ϱð Þk k Φ1 ϱ + bνð Þ −Φ1 ϱð Þk kdϱ

≤ K0

ðt−θ+1
t−θ

e−qβ∧ t−ϱð Þdϱ
� 
1/q ðt−θ+1

t−θ
Φ1 ϱ + ν∧ð Þ −Φ1 ϱð Þk kpdϱ

� 
1/p
≤
K0 eqβ∧ − 1
� �ffiffiffiffiffiffi

qbβq
q e−θβ∧ϵ1ϵ:

ð44Þ

Hence,

〠
∞

θ=1
ΓΦ1ð Þθ t + bνð Þ − ΓΦ1ð Þθ tð Þ�� �� < ϵϵ1

K0 eqβ∧ − 1
� �ffiffiffiffiffiffi

qbβq
q 〠

∞

θ=1
e−θβ∧ = ϵ:

ð45Þ

Therefore, ∑∞
θ=1ðΓΦ1Þθð:Þ ∈ APðℝ, KÞ for all θ ∈ℕ and ðΓ

Φ1Þð:Þ ∈ APðℝ ; KÞ.
Next, we show that ðΓΦ2Þð:Þ ∈Eðℝ ; K , μÞ.
Let ϖ > 0, Φ2 ∈E

pðℝ ; K , μÞ; we get that

lim
ϖ⟶+∞

1
μ bϖ� � ðbϖ

ðϱ+1
ϱ

Φ2 σð Þk kpdσ
� 	1/p

dμ ϱð Þ = 0: ð46Þ

First, we prove that ΓΦ2 ∈ BCðℝ ; KÞ. As a matter of fact,
it is similar to above work of ΓΦ1. Then, we demonstrate
that ΓΦ2 ∈Eðℝ ; K , μÞ. We observe

ΓΦ2ð Þθ tð Þ =
ðt−θ+1
t−θ

Q t, ϱð ÞΦ2 ϱð Þdϱ, θ ∈ℕ, t ∈ℝ: ð47Þ

Taking advantage of the Hölder inequality and applying
formula (16), considering that

ΓΦ2ð Þθ tð Þ�� �� = ðt−θ+1
t−θ

Q t, ϱð ÞΦ2 ϱð Þdϱ
���� ����

≤
ðt−θ+1
t−θ

Q t, ϱð Þk k Φ2 ϱð Þk kdϱ

≤ K0

ðt−θ+1
t−θ

e−qβ∧ t−ϱð Þdϱ
� 
1/q ðt−θ+1

t−θ
Φ2 ϱð Þk kpdϱ

� 
1/p
≤
K0 eqβ∧ − 1
� �ffiffiffiffiffiffi

qbβq
q e−θβ∧ Φ2k kSp ,

ð48Þ

it follows that

1
μ bϖ� � ðbϖ ΓΦ2ð Þθ tð Þ�� ��dμ tð Þ ≤ K0 eqβ∧ − 1

� �ffiffiffiffiffiffi
qbβq

q e−θβ∧
1

μ bϖ� � ðbϖ
� Φ2 tð Þk kSpdμ tð Þ,

lim
ϖ⟶+∞

1
μ bϖ� � ðbϖ ΓΦ2ð Þθ tð Þ�� ��dμ tð Þ

≤
K0 eqβ∧ − 1
� �ffiffiffiffiffiffi

qbβq
q e−θβ∧: limbϖ⟶+∞

1
μ bϖ� � ðbϖ Φ2 tð Þk kSpdμ tð Þ = 0:

ð49Þ

Hence, ðΓΦ2Þθ ∈Eðℝ, K , μÞ. For another, since ∑∞
θ=1

e−β∧θ is convergent, so applying the Weierstrass theorem,
then the series, as a result, ∑∞

θ=1ðΓΦ2ÞθðtÞ is convergent uni-
formly on ℝ.

What is more, ∑∞
θ=1ðΓΦ2ÞθðtÞ = ðΓΦ2ÞðtÞ; therefore,

∑∞
θ=1ðΓΦ2ÞθðtÞ ∈Eðℝ, K , μÞ, so ðΓΦ2ÞðtÞ ∈Eðℝ, K , μÞ from

Proposition 18.

Theorem 22. Let μ ∈N and suppose that (H3)–(H7) hold. If

Lψω + ð2K0L3/bβÞð1 + ωÞ < 1, then equation (1) has a unique
μ-pseudo almost periodic mild solution.

Proof. Define the operator Π as follows:

Πzð Þ tð Þ = ψ t,fC1 tð Þz tð Þ
� �

+
ðt
−∞

Q t, ϱð Þg ϱ, z ϱð Þ,fC2 ϱð Þz ϱð Þ
� �

dϱ:

ð50Þ

For zðtÞ ∈ PAPðℝ ; K , μÞ, by Lemma 21 in [5], we get
thatfC1ðtÞzðtÞ is μ-pseudo almost periodic; by (H6) and The-
orem 10, it is simple to demonstrate that ψðt,fC1ðtÞzðtÞÞ is
part of PAPðℝ ; K , μÞ. We will demonstrate this now thatÐ t
−∞Qðt, ϱÞgðϱ, zðϱÞ,fC2ðϱÞzðϱÞÞdϱ is part of PAPðℝ ; K , μÞ;
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by using Theorem 20 and hypothesis (H7), we can easily
deduce that gðϱ, zðϱÞ,fC2ðϱÞzðϱÞÞ is part of PAPpðℝ ; K , μÞ.
Thus, Π is mapping from PAPðℝ ; K , μÞ into itself.

Let z, v ∈ PAPðℝ ; K , μÞ. We deduce that

Πzð Þ tð Þ − Πvð Þ tð Þk k ≤ ψ t,fC1 tð Þz tð Þ
� �

− ψ t,fC1 tð Þv tð Þ
� ���� ���+ðt

−∞
Q t, ϱð Þk k

� g ϱ, z ϱð Þ,fC2 ϱð Þz ϱð Þ
� �

− g ϱ, v ϱð Þ,fC2 ϱð Þv ϱð Þ
� ���� ���dϱ

≤ Lψ fC1 tð Þz tð Þ −fC1 tð Þv tð Þ
��� ���+K0L3

ðt
−∞

e−β∧ t−ϱð Þ

� 1 + fC2 ϱð Þ
��� ���� �

z ϱð Þ − v ϱð Þk k
� �

dϱ

≤ Lψ fC1 tð Þ
��� ��� z − vk k∞ + 2K0L3

� 1 + C2
~ ϱð ÞkÞ

ðt
−∞

e−β∧ t−ϱð Þdϱ
� 	

z − vk k∞
�����

≤ Lψω + 2K0bβ 1 + ωð ÞL3
 !

z − vk k∞:

ð51Þ

Thus,

Πz −ΠvÞk k∞ ≤ Lψω + 2K0bβ 1 + ωð ÞL3
 !

z − vk k∞: ð52Þ

As a result, this establishes that Π is a contraction map.
We may infer thatΠ has a single fixed point in PAPðℝ ; K , μÞ
such that Πz = z. Consequently, (1) has a unique μ-pseudo
almost periodic mild solution.

4. Example

As an example, take a look at the differential equations listed
below.

d
dz

u z, xð Þ − ψ z, c1 z, xð Þu z, xð Þð Þ½ �

= d2

dx2
u z, xð Þ − ψ z, c1 z, xð Þu z, xð Þð Þ½ �

+ −3 + sin mzð Þ + sin nzð Þð Þ u z, xð Þ − ψ z, c1 z, xð Þu z, xð Þð Þ½ �
+ g z, u z, xð Þ, c2 z, xð Þu z, xð Þð Þ, z ∈ℝ, x ∈ 0, 1½ �,

ð53Þ

u z, 0ð Þ − ψ z, c1 z, 0ð Þu z, 0ð Þð Þ = u z, 1ð Þ − ψ z, c1 z, 1ð Þu z, 1ð Þð Þ
= 0, z ∈ℝ,

ð54Þ
where m, n ∈ℝ and m/n ∉ℚ,ψ, g : ℝ × K ↦ K , and c1, c2
: ℝ × ½0, 1�↦ℝ are continuous functions. So as to rephrase
this equation in form ð1:1Þ, we set the spaces K = L2ð½0, 1�Þ
provided with the norm k·k2. The operator A : DðAÞ ⊂ K
⟶ K is defined by

Au = u′′ u ∈D Að Þ: ð55Þ

Furthermore, A is the infinitesimally small generator C0
-semigroup fTðzÞgz≥0 with kTðzÞk ≤ e−z (K = bβ = 1) for
z ≥ 0.

We consider the operator AðzÞ given by

D A zð Þð Þ =D Að Þ,
A zð Þv = A − 3 + sin mzð Þ + sin nzð Þð Þv, for all v ∈D Að Þ:

(
ð56Þ

Thus, DðAðzÞÞ =DðAÞ. Furthermore,

A zð Þ − A sð Þk k = sin mzð Þ − sin msð Þ + sin nzð Þ − sin nsð Þð Þk k
≤ mj j + nj jð Þ z − sj j,

ð57Þ

for every s, z ∈ℝ, and hence, (H3) holds. Then, an evolution
family Qðz, sÞz≥s generated by AðzÞ with

Q z, sð Þv = T z − sð Þ exp
ðz
s
−3 + sin mbνð Þ + sin nbνð Þð Þdbν� 	

v:

ð58Þ

Since kQðz, sÞk ≤ e−ðz−sÞ, then it is very clear to know that

AðzÞ fulfill the hypothesis (H4) with K0 = 1, bβ = 1. At the
same time, we define

fC1 zð Þu = c1 z, xð Þu, for all z ∈ℝ,fC2 zð Þu = c2 z, xð Þu, for all z ∈ℝ:
ð59Þ

c1ðz,:Þ, c2ðz,:Þ: ℝ × ½0, 1�↦ℝ are continuous and almost
periodic in z ∈ℝ uniformly in x ∈ ½0, 1�. Then, Equation (53)
can be represented as the abstract equation (1).

Study the measure μ with respect to its Radon-Nikodym
derivative of

ρ zð Þ =
ez , if z ≤ 0,
1, if z > 0:

(
ð60Þ

Then, μ ∈N satisfy ðH1Þ and ðH2Þ. If we take the assump-
tion that ψ, g satisfy (H6) and (H7), therefore, all assump-
tions of Theorem 22 are fulfilled; thus, the evolution
equation (53) has a unique μ-pseudo almost periodic solu-
tion if Lψ, L3 is sufficiently small.

5. Conclusions and the Future Work

The primary objective of this research is to find out whether
there is unique μ-pseudo almost periodic solution to a func-
tional evolution equation with Stepanov forcing components
in a Banach space using measure theory, evolution family,
and Hölder inequality. The Lipschitz condition and the con-
traction mapping theory are used to develop certain suitable
conditions that guarantee whether there is unique μ-pseudo
almost periodic solutions to the problem. As a future work,
we intend to study whether there is unique Stepanov-like
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pseudo almost periodic solution of neural network and dis-
crete equation. We will also use the Hölder inequality to
consider whether there is a unique Stepanov-like pseudo
almost periodic solution of discrete equation. Almost peri-
odic problems play a very important basic role in engineer-
ing applications and mathematical research.
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