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Through the use of the measure theory, evolution family, “Acquistapace-Terreni” condition, and Holder inequality, the core
objective of this work is to seek to analyze whether there is unique y-pseudo almost periodic solution to a functional evolution
equation with Stepanov forcing terms in a Banach space. Certain adequate conditions are derived guaranteeing there is unique
u-pseudo almost periodic solution to the equation by Lipschitz condition and contraction mapping principle. Finally, an

example is used to demonstrate our theoretical findings.

1. Introduction

Periodicity is a common phenomenon in the natural and
social sciences that varies over time. Periodicity can be caused
by business and economic activities, and it differs from trend
changes in that it is not a gradual development in one direc-
tion, but rather a series of rising and falling oscillations. Sun-
rise and sunset, the cycle of the seasons, and the moon
changing from deficit to surplus are all cyclical phenomena.
In epidemiology, the cycle refers to the frequency of disease
according to a certain interval of time, the regular ups and
downs of fluctuations; every several years, there is an epi-
demic peak phenomenon. In physics, it refers to the recipro-
cal motion of a mass in simple harmonic motion, which is
always cyclic, with each cycle taking the same amount of time
and being strictly periodic. In mathematics, a function whose
output value repeats periodically is called a periodic function.
The motion of the planets is not regular and elliptical,
because it can be influenced by other stars; the transmission
of radio waves can also be disturbed. Thus, the periodicity
will no longer be maintained. In such a case, the almost
period would better reflect the variation of the above phe-
nomenon with time. In mathematics, the almost periodic
function is a class of functions with approximately periodic
properties, which is the extension of the continuous periodic
function. Different periodic functions have different periods,

and their sums, differences, or products are not necessarily
periodic functions anymore, although the almost periodic
function may not have strict periodicity, but can have some
better properties than the periodic function. In theory, all
periodic functions in any paradigm do not constitute a
Banach space, while the probable periodic functions in the
upper bound paradigm constitute a Banach space. This also
shows that the probable periodic function will be more
widely used than the periodic function, and it is more practi-
cal to discuss the probable periodic solution of the equation.

In fact, strict periodic changes are difficult to appear in
nature. In real life, there are not many strict periodic phe-
nomena such as seven days a week. On the contrary, almost
periodic changes are more likely to accurately describe the
change law of nature. Almost periodic phenomena are more
common than periodic phenomena, and almost periodic
phenomena are closer to reality than periodic phenomena.
In reality, almost periodic phenomena are more likely to
occur.

Almost periodic function can better reflect the change
law of things in real life and explain the phenomena in real
life. It is a phenomenon easier to see in natural science and
social science. Almost periodic results are more common
than periodic results. Almost periodic function has many
other good properties, and its practical application is more
and more widely in real life. The almost periodic property
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of the solution of the equation has attracted the attention of
many scholars. Discussing the almost periodic property of
the solution of the equation has more extensive practical sig-
nificance and practical application value. Therefore, it has
become an important topic in mathematical research.

In 1992, Zhang proposed the idea of pseudo almost peri-
odic functions in the academic paper [1]. After that, in 2006,
the idea of weighted pseudo almost periodic functions was
presented by Diagana in the literature [2]. As an extension
of the concept of pseudo almost periodic functions and
weighted pseudo almost periodic functions, Blot et al. pre-
sented the idea of p-pseudo almost functions in 2013 [3].
Since then, many scholars have conducted extensive
research on the properties of such functions and made
advantage of these properties to set up the existence of u
-pseudo almost periodic solutions for partial functional non-
autonomous equation [4, 5], partial functional differential
equations [6, 7], partial differential equation [8], nonauton-
omous integrodifferential equations [9], and semilinear frac-
tional integrodifferential equations [10]. In 2007, Diagana
proposed the conception of the Stepanov pseudo almost
periodic function in the literature [11]. Then, in 2010, Diag-
ana et al. presented the conception of weighted Stepanov-
like pseudo almost periodic function in the literature [12],
as the generalization of Stepanov pseudo almost periodic
functions. In the literature [13], the authors Es-sebbar and
Ezzinbi proposed the notion of Stepanov y-pseudo almost
periodic function. In [14], the authors studied whether there
is unique p-pseudo almost periodic solution for a parabolic
evolution equation and the equation’s forced terms are
assumed to be p-Stepanov pseudo almost periodic. In [15],
the authors established the convolution and composition
theorems of the u-Stepanov pseudo almost periodic func-
tions and verified whether there is unique y-pseudo almost
periodic mild solution of fractional integrodifferential
equation.

Inspired by the above, in this work, let (K, ||-||) be a
Banach space and 1< p<oo; by the measure theory, we
mostly prove whether there is unique y-pseudo almost peri-
odic solution to a functional evolution equation

2 (e -y (6. 020))] = A0 20 - v (1 Cr(0=(0)) )]

#9620, G(02(0)) )
1)

for t € R, where {A(t)},. fulfills the Acquistapace-Terreni
condition, which is exponentially stable, and Q(¢, s) created
by A(t) and v : Rx K — K, is y-pseudo almost periodic
and g: Rx K x K — K is Stepanov-like y-pseudo almost

periodic functions; C,(t), C,(t)(t € R) are families of (per-
haps unbounded) linear operators. The topic about whether
there is unique y-pseudo almost periodic solution to func-
tional evolution equation with Stepanov forcing terms of
(1) is untreated in the past work, which is one of the crucial
incentives of this study.
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The following is an outline for this work. Section 2 intro-
duces some essential concepts and basic properties. Section 3
is dedicated to demonstrating whether there are unique y
-pseudo almost periodic solutions of (1). To give you an
illustration, in the last part, we provide a case supporting
our conclusion.

2. Preliminaries

Throughout the course of this project, (K, |-]|) and (H,
IIIl;z) are two Banach spaces. BC(R,K) (respectively,
BC(R x H, K)) is the Banach space of bounded continuous
functions from R into K (respectively, jointly bounded
continuous functions ¥ : RxH — K) as a result of its
norm by

¥l = suplw(®)]- (2)
teR

We signify by 9 the Lebesgue D-field of R and by ./
the set of all positive measures p on 9 such that u(R)
=+00 and y([c, d]) <+oo for all ¢, de R (c<d).

From u € /¥, the following assumptions are assumed.

(H1) For all ¢,d,and e € R, such that 0 <c<d <e, there
exist V>0 and «, >0 satisfying [V [>V)= u((c+V,d +
V) 2 aou([v, e+ V]).

(H2) For all v € R, there exist & > 0 and a bounded inter-
val I satisfying

if Be DsuchthatBNI=@.
(3)

Definition 1 (see [16]). Let y(t) € C(RR, K), y(t) be referred
to as almost periodic if, for any &> 0, the set E(y, ¢) ={%
S lw(t+ %) —w(t)| forallt € R} is relatively dense; that is,
for any € >0, it is possible to locate a real number [=I(¢)
> 0; for any interval with length I(¢), there exists a number
% =%(¢) in this interval satisfying |y (¢t + x) — w(¢)|| for all
t € R. We denote the space of all such functions by AP(R,
X).
Consider the function F, which is equal to

p({c+V : ceB})<au(B),

F(x) = sin (x) + sin (\/Ex) (4)

F is an almost periodic function, while F is not periodic.
See almost periodic function F below in Figure 1.

Definition 2 (see [17]). A continuous function y : R x H
— K is regarded as almost periodic in t uniformly in rela-
tion to u inH, if for any compact subset K ¢ H and every
€ >0, there exists [ >0 such that every interval of length /,
it is possible to find a number ¥ in this interval with the fea-
ture that
lw(t+v,0)-y(t,u)| <e for(t,n) e RxK. (5)
The union of such functions will be referred to as APU
(R x H; K).
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FIGURE 1: Almost periodic function F.
Proposition 3 (see [16]). If v, v, and y, € AP(K), then

v, +y, €AP(K). (6)

(i) Ay € AP(K) for any scalar A

(ii) v, € AP(K) where y, is the right translation func-
tion of y(y,: R — K is characterised by v () =y

(- +a))
(iii) The range R, = {y(t): t € R} is a little package in
K; thus, v is bounded in norm

(iv) If y,, — y uniformly on R where each vy, € AP(K),
then v € AP(K) too

Definition 4 (see [3]). Let pe /. A continuous bounded
function ¥ : R — K is regarded as p-ergodic if

1
lim 7AJA )||du(t) =0, (7)
i [ weonau
where @ = [-@, @]. All of these functions” space is denoted
by &(R; K, p).

Definition 5 (see [3]). Let yp€ /. A continuous function
:Rx K — H is regarded as p-ergodic in t € Runiformly
in relation to x € K, if the two following statements are
satisfied:

(i) Forall x e K, y(..x) € (R; K, u)

(ii) v is uniformly continuous on every compact set K in
K in terms of the second variable x

The union of such functions will be referred to as U
(RxK;H, ).

Proposition 6 (see [13]). If a sequence (vy,), of u-ergodic
functions uniformly converges to a function y, then y is also
u-ergodic.

Theorem 7 (see [3]). Let p € N. Then, (E(R; K, ), |||l o) is
a Banach space.

Definition 8 (see [3]). Let we /. A continuous function
¥ : R— K is called p-pseudo almost periodic if it is able
to create it as

V=Y, Y, (8)

where v, € AP(R;K) and v, € &R;K, u). Indicate
with PAP(R; K, p) the area occupied by such functions.

Definition 9 (see [3]). Let ywe /. A continuous function
Yy :RxK-—H is called p-pseudo almost periodic in
t € R uniformly in relation to x € K, if it is possible to write
it in the form

Y=v,1Y, 9)

where v, e APURxK;H) and vy, € EURXK;H, ).
The set of such functions is represented by the symbol PA
PURXK;H, u).

Theorem 10 (see [3]). Let pe N, v € PAPURXH; K, ),
and u € PAP(R; H, u). Assume for all bounded subset B of
H, f is bounded on R x B. Then, the function

[t y(t, u(t))] € PAP(R K, ). (10)

Definition 11 (see [12]). Let 1 < p < co. The space B (R ; K)
of all Stepanov bounded functions, in conjunction with the
exponent p, all measurable functions are included in this cat-
egory f on R in regard to value K such that y* € L°(R, L*
(0,1); K).BSP(R ; K). This is a Banach space when the norm
is followed

t

+1 lip
= |[v* = Pd (11
Wl =[], o, =522 ([ Iwi@17d0) * <e0 ()

A function y €L (R;K) is Stepanov bounded (S
-bounded) if |||y < co. It goes without saying that L7 (R ;
K) ¢ B®(R;K) c L (R;K).

Definition 12 (see [12]). A function y € BS*(R; K) is called
almost periodic in the sense of Stepanov (S-almost peri-
odic) if for each €> 0. There is such a thing as a positive
number / as a result each length [ interval includes a number
c; there exists V € [¢, ¢ + 1] satisfying

1/p
<J[ ]||‘/’(Q+VA)_1!’(Q)||de> <gteR.  (12)
tt+1

Let APP(R; K)(S” — AP(R; K)) be the collection of all &
-almost periodic functions.



Definition 13 (see [13]). Let y € #. A function y € BS(RR;
K) is referred to as SP-p-ergodic if

Jm [ ()] ) e -0 03

@
We mean by & (R; K, ) the functions.

Definition 14 (see [13]). Let y € #. A function y € B (RR;
K) is called a Sf-p-pseudo almost periodic (or Stepanov y
-pseudo almost periodic) if it can be stated in this way y =
Yy, +v,, where y, € APP(R;K) and vy, € & (R;K,pu).
PAPP(R;K,u) or & —PAP(R; K, ) denotes a group of
functions that are analogous.

Definition 15 (see [14]). Let e /" A function v : RxH
— K with y(.,y) € I} (R;K) for each y € H is called &
-u-pseudo almost periodic in y € H uniformly in ¢ € R if it
may be presented as v =y, +y,, where v, e APP(R x H;
K) and v, € & (R x H; K, u). The space occupied by such
functions will be indicated by PAPUP(RxH; K, u) or &
— PAP(R x H;; K, p).

Theorem 16 (see [14]). Let yu € A satisfy (H2), if y € PAP
(R; K, u) then f e PAPP(R;K, p).

Theorem 17 (see [18]). Assume that v € BS'(R, K). Then,
v € & (R, K, ) if and only if, for whatever reason € > 0

~ + 1/p
wecas (1 Ivolrde) "> e}

lim — =0. (14)
@—+00 //l(d))

Then, by Propositions 3 and 6, as a consequence, we
arrive to the following conclusion.

Proposition 18. Let {y,} . C PAP(R;K, u) be a sequence
of functions. If v, uniformly converges to some v, then y €
PAP(R; K, ).

3. Main Results

In the next, we are devoted whether there is unique u
-pseudo almost periodic mild solution to (1). Throughout
the remainder of this paper, the following hypotheses will
be required.

(H3) There exist constants y, >0, 9 € (n/2,7),L;, L, >0,
and a,, B, € (0, 1] with a; + 3, > I such that
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£3U 10} € pUAG) i IRALAR) )| < 1757

(A () = ) RO A ) = )[Rty A(x)) = Rt D)
< Lyfx =y AP,

(15)

forx,yeR, A e Zg:=={1e C—-{0}: |argA|<9}.
(H4) The evolution family Q(x, k) produced by A(x) is

exponentially stable, namely, there are constants K, >0
in order for

1Q(x, ®)| < Koe P, (16)

for all x > k. And the function Rx R K, (x, k) — Q(x, k)
s € AP(R x R, K) uniformly for all s in any bounded subset
of K.

(H5) The linear operators C,(t), C,(t): K — K satisfy
t— C,(t)andt— C,(t) € AP(R, B(K,K)).  (17)

Let

Ci(t)

CZ(t)HB(K,K)) (18)

(H6) The function y € PAPU(Rx H;H, u) and there
exists L, >0 which satisfies

H ’ Sup
B(KK) teR

W = max (sup
teR

[y (ts1) =y (ts)l| <Ly llsy = sl (19)

for all t € R and for each s,,s, € H.

(H7) The function ge PAPUP(RxKxK;K,u) and
there exists L, > 0 that satisfies ||g(t, my, n,) — g(t, m,, n,)||
< Ly(||m; — m,]| + ||ny — n,]]), for all t € R and for (my, n,)
,(my,n,) € KxK.

Definition 19. A continuous function z : R — K is referred
to as a y-pseudo almost periodic mild solution of (1), if for
each t>t; and t; € R,

2() =y (6. Ci(02(0)) = Qb ) [2(t0) = ¥ (0 Crlt0)2(10) |
[ at.0s(ese. Clee)de rer,

(20)

It can be shown that a function z is a mild solution of (1)
for each t € R and by the expression

0=y (.G 0:0)+ ] Qnog(ec0) G0

(1)

(09
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since

oty

2(ty) =¥ (1 Culto)z(t))+| Qw019 (0 2(@) Co(0)z(@)) do

Qb to)2(t5) = Qb )y (1 Cr(t)2(10) ) + Jt_”ma(r, 0)9( 2(0). G (@)(0) ) o
~ Qg (1 Cite1) + [ Qttoig(ex(@) Cooete))do
[ atos(e 0. Cloro) e
= Qb to)y (1 Ci(to)z(to)) +2(1) ~ (6 C (02(1)) )
- [t Q(t,0)g(2 (). C(Q)2(Q))de.

Jit

It follows that

A0 =v(tEw))¢[ Qg (ex(01 Cl@z(w)de

(23)

(6]

Theorem 20. Let ue V. If ge PAPUP(RXx W xK; K, p)
satisfies the following condition

lg(tmy,rp) = g(t, my, 13)|| ¢ < Ly (|[my = my||y, + |lry = 12]lx)s

(24)

for all te R and m;,m,e W and r;,r, € K. If p € PAP(R;
K, u) moreover ¢ € PAP(R; W, u), then g(.¢(.), (.)€
PAPP(R;; K, ).

Proof. Since ge PAPUP(RxK,K,u), then g=(+h and
¢d=u+v,p=x+y, where { e APUP(RxKxK,K),he &(
RxKxK,K,p),u,xc AP(R,K) and v,ye&R,K,p).
Decompose g as follows:

We have F(t) € AP’(RR, X) through the composition of
SP-almost periodic functions in [19]. So it can be proved @
(t) and A(t) belong to & (R x K, K, p). Obviously, O(¢) €
BSP(R, X). Actually, we get

1/p
<J[r t+1] [*@) ”de>

1p
) <J oy D19Q ~ 4@+ (@) _x<Q>>)de>

1

1p L
<L, (([ |V(Q)|de> + <[ |y(Q)|PdQ> ), forany t € R.
Jte+1] J[te+1]

(27)

Since v, y is bounded, then @(t) € BS*(R x X, X). Let A%
and M~ be denoted by

1p
Afw\ = {t €d; <J ||(D(Q)||PdQ> > (—:},
[tt+1]

lp 1p
M= {fe CE (J IIV(Q>||"dQ> + (J ||y(Q)|PdQ> > 26}.
’ [t+1] [tt+1]

(28)

From (27), we obtain M;D\,E C A8 and H(MEE) < ‘u(Ag)

infers that

i ({t €05 ([ l2@]"d0) "> })

u(@)

. u({te &5 (Jun @I de) " e}) (29)

u(@)

M<{t € (I[’JH]”)/(Q)”de) " > e})

u(@)

+

From Theorem 16, we get v,y € & (R, K, u). Since v, y
€ & (R, K, p) and Theorem 17, we derive that

M({t €o; (J[t,rﬂ}'W(Q)llde) " e})

lim

D—+00 M(a)
N 1/p
u({re@s(Jb@irde) "> e} )
= lim — =0,
@—+00 y((D)

(30)

which deduces that

. 1p
w({reds (1 lo@irae) "> e}

lim _ =0. (31)

®—>+00

#(@)

This deduces from Theorem 17 that @(¢) € & (R x K,
K, u). Now, we show that A(t) € & (R, K, ). From u,x €



AP(R, K) then u(R), x(R) is compact; moreover, ¢’ is uni-
formly continuous with respect to R x [0, 1] x u(R)(or
x(R)). We infer that h” is uniformly continuous with respect
to R x [0, 1] x u(R)(or x(R)), namely, for € >0, let ﬁ >0
such that for (a;,b,), (a,, b,) € u(R) x x(R) with ||a, — a,||
+]|by = byl < E we get

1/p
(J |h(Q,a1,b1)—h(Q,az,bz)deQ) <§, forany t € R.
[t,t+1]

(32)

Because u(R) x x(R) is compact, there exist finite balls
Oy with center (B, ) € u(R) X x(R),0=1,2 --- n such that

forAany (a3, by) € u(R) x x(R) we get [|By — ayl| + |lyg — b,
<Bfor1<B<n. Let

By = {t R, [[u(t) = Byl +|1x() =yl < B}, 6=1,2.3,-m,

D, =93,
Dy = ;B" , 0=1,2,3
(Ul'B;)
(33)

Thus,

R= 2 Ber

]R= CJ ge, (34)

=1

DND,;=D(i #)).
Define function e, e, : R— K by e,(t) = By, e,(t) =y,

for teBy and 6=1,2,3,---,n. So |lu(t) — e (¢)| + ||x(¢) -
e,(t)|| < B for t € R. Therefore, we have

1/p
(Lt t+1] 1h(e u(@) x(@)) ~ h(@ &1(Q)- €2(2)) |PdQ> <4x2Ve,

(35)

Since h € & (R x K, K, u), then there exists @, > 0 such that
for @ > @,: for every 0=1,2,3,---,n

p
J [h(Q By vo) IIPde | du(t) <4x2"Pn'Pe.
[6t+1]NDy

(36)

@)

Then,
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1 ‘ " 1
— h(Q, u(Q), x Pd du(t)= —
W)k(JMH (@ (@) (@) q> W= ks

n 1/p
(Z J[u . [[h(e> u(@), x(e)) = h(e: Bo» V) + h(e: ﬁw?e)deQ> du(t)

[7( u(@), x() — h(@ B> V@)HPdQ) du(t)

A [ [HE+1]NDy
)

H1+(1lp n p
= h(Q, By Pd d
o |5 (62 [N TR Q> ()
2L+(Up) Up
< —= AO ”h(Q’u(Q)’x(Q))_h(Q’el(Q)’EZ(Q))“PdQ) du(t)
#(®) Jo \ e
21+(1/p)

R 1p
P <e
) L(gzj[] (e B )| d@) du(t) <
(37)

It follows that A(f) € (R, K, ). The proof is com-
pleted. O

Lemma 21. Let y € . Assume that (H3) — (H4) hold. If @ is
an SP-p-pseudo almost periodic function, then

row-[ uoowd rer  (39)

is a u-pseudo almost periodic function.

Proof. Since @ € YPAP(RR; K, u), then we have the following
decomposition @ =@, + P, where @, € PAP(R;K) and
D, € & (R; K, ). We define

ro)0= [ ateo@de (re;) ) »
o0 39

=Jt Q1 Q)Py()de,  tER.

Since there exist (1/p) + (1/q) = 1, where p > 1, the proof
is as follows. Let us show that (I'®,)(¢) € AP(R;K).
We define

t—0+1

Q(t, )@

t—0

1(@)do,0eN, teR. (40)

(ro),(0)= |

By virtue of the Holder inequality and formula (16), we
get

H(F(Dl)e(t)u =

t-0+1
<], et ol @i

t—0+1 19 ¢ at—9+1 1/p
<K, H e‘qﬁ““@de} U Hch(Q)uqu]
t—-0 )

Ko(e?M-1) _
( ). |yl

< 2 7
i/aB

t—0+1
[ ot Q)‘Dl(Q)dQH

(41)
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Since Y g, e is convergent, so take advantage of the
Weierstrass theorem, we obtain that the sequence of
functions Y, (I'D,),y(t) is convergent uniformly on R;
moreover, Yoo, (I'D,)y(t) = (I'D,)(t) then (I'D,)(.) is con-
tinuous and

B < ZH(F@De(t)

apn
< Kole ) @, ||sze PO, forallt € R.

AT 6

Next, we can demonstrate that (I'®,)(.) € AP(R;K).
Since @, € SPAP(R;K), let €> 0; afterwards, there is I(€)
> 0 such that each length interval I(¢) contains v based on
the estimate

(42)

t+1
sup U D (@ +VvA) - Dy (Q) ||PdQ”P} < €€, (43)
t

teR

where €, = f/;é(eﬁ/\ ~1)/(Ky(e?" - 1)),

||(F(Dl)9(t +V) - (F(Dl)e(t)H

t-6+1

Q1 Q)P (e)de

t+v—-0+1
J Qt+7, Q)‘Dl(Q)dQ—J

t+v-0

t-6

t-0+1
<] lewalioe ) -0 @l

t—0+1 19 ¢ t-0+1 1p
<K, U e*qﬂ“‘*@de} U @40+ ) —@Ae)ﬂf’de}
t-0 t-0

apn _
< Ll) e Pee.

/ap
(44)

Hence,

eqﬁ

@

Mz

||(1"(D1)9(t+ V) - (I'D)), || <ee1

Z e P =e.

(45)

X
I

Therefore, Yo, (I'D,),(.) € AP(R,K) for all €N and (I'
?,)(.) e AP(R;K).

Next, we show that (I'd,)(.) € E(R; K, ).

Let @ >0, @, € & (R; K, p); we get that

[ ([ hosiopar) o -0 o

First, we prove that I'®d, € BC(RR ; K). As a matter of fact,
it is similar to above work of I'®,. Then, we demonstrate
that I'®, € &(R; K, pt). We observe

t—0+1

Q(t.0)

t-0

(TD,)(1) = J ®,(Q)do,0eN, teR. (47)

Taking advantage of the Holder inequality and applying
formula (16), considering that

t—0+1
|(r@,), ||—j Q(t,@@z(Q)deH

t—0+1
<] ek ale@ide

t-0+1 g r t-0+1 1p
<K, U NG dQ:| U H(DZ (Q) HPdQ]
-0 -0

Ko(e?"-1)
( . ). 1@,y
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it follows that

1
u(®@

K0<eq/3A _
i/aB u(@)
NP2 (1)l du(t),

(5 |5 e o

D—>+00

lim ( )J H (I'd,) (t)Hdpt(t)

1
T 25 5120 -
q/j ID*#OO[’I
(49)
Hence, (I'D,), € &(R, K, u). For another, since Y g,

e P9 is convergent, so applying the Weierstrass theorem,
then the series, as a result, Y o>, (I'D, )4(t) is convergent uni-
formly on R.

What is more, Yo, (I'D,),(t) = (I'D,)(t); therefore,
2521(TD,)g(t) € E(R, K, ), s0 (I'D,)(1) € E(R, K, ) from
Proposition 18. O

Theorem 22. Let y € A and suppose that (H3)-(H7) hold. If
Lyw+ (2KyL;/B)(1 + w) < 1, then equation (1) has a unique
u-pseudo almost periodic mild solution.

Proof. Define the operator IT as follows:

Q)9 (0. 2(e), C(Q)2(@) ) de.
(50)

(1120 = (1. wen) «

—00

For z(t) € PAP(R; K, u), by Lemma 21 in [5], we get
that C, (t)z(t) is u-pseudo almost periodic; by (H6) and The-
orem 10, it is simple to demonstrate that y(t, C, (1)z(t)) is
part of PAP(R; K, u). We will demonstrate this now that

J*.,Q(t:@)g(e 2(@), C,(0)z(e))da is part of PAP(R; K, p);



by using Theorem 20 and hypothesis (H7), we can easily

deduce that g(0,z(0), C,()z(Q)) is part of PAPP(R; K, y).
Thus, IT is mapping from PAP(RR ; K, u) into itself.
Let z,v € PAP(R; K, i). We deduce that

rt
—00

~ Hg(q, Z(Q)@(Q)Z(Q)) —9(Q> V(Q)»CNz(Q)V(Q)) Hde

< Lwl‘a(t)z(t) - a(t)v(t)H+K0L3Jt BA-0)

(-G

<Ly ||C(0)I12 = vloo + 2KoLs

(1 c;(g)\w(j'_me*ﬁ“’*%)uz—vum

2K,
< <wa+ 21+ w)Ly ||z V|
B

@0 - o< (6 Ei02(0) v (1 Coro) [+ tel

(51)

Thus,

2K,
W&—Hmug<ww+,ﬁa+@g>w—ﬂw (52)

As a result, this establishes that IT is a contraction map.
We may infer that IT has a single fixed point in PAP(R ; K, p)
such that ITz = z. Consequently, (1) has a unique y-pseudo
almost periodic mild solution.

4. Example

As an example, take a look at the differential equations listed
below.

d
(%) ¥ (2 e (5 x)u(z )]
d2
= £ lu(e )~y 6y 0z )

+ (=3 +sin (mz) + sin (nz))[u(z, x) = yY(z, ¢ (2, x)u(z, x))]
+9(z, u(z, x), ¢, (2, x)u(z,x)), z€R, x€l0,1],

(53)

u(z,0) = Y (2, ¢, (2, 0)u(z,0)) = u(z 1) ~ y(z ¢, (2 1)u(z, 1))
=0, zeR,
(54)

where m,ne€R and m/n¢ Qy,g: RxK—K, and ¢, ¢,
: Rx [0, 1] — R are continuous functions. So as to rephrase
this equation in form (1.1), we set the spaces K = L*([0, 1])
provided with the norm ||-||,. The operator A : D(A) cK
— K is defined by

Au=u"" ueD(A). (55)

Advances in Mathematical Physics

Furthermore, A is the infinitesimally small generator C,
-semigroup {T(z)},,, with [|[T(z)||<e™® (K=f=1) for
z20.

We consider the operator A(z) given by

{D(A(Z)) =D(4),

A(z)v=(A -3 +sin (mz) +sin (nz))v, forallve D(A).
(56)
Thus, D(A(z)) = D(A). Furthermore,
|A(z) — A(s)|| = ||(sin (mz) - sin (ms) + sin (nz) — sin (ns))]|
< (Im| +[n])|z -],
(57)

for every s, z € R, and hence, (H3) holds. Then, an evolution
family Q(z,s),., generated by A(z) with

Q(z,s)v=T(z~s) exp (Jz

(=3 +sin (mV) + sin (n@))d@) v.

N

(58)

Since ||Q(z, 5)|| < e, then it is very clear to know that
A(z) fulfill the hypothesis (H4) with K, =1, f =1. At the
same time, we define

Ci(2)u=c,(z,x)u, forallzeR,

(59)

E;(z)u =c(z,x)u, forallzeR.

¢,(2z,.), ¢5(2,.): Rx [0, 1] — R are continuous and almost
periodic in z € R uniformly in x € [0, 1]. Then, Equation (53)
can be represented as the abstract equation (1).

Study the measure y with respect to its Radon-Nikodym
derivative of

if z<0,

ma={e’ (60)

1, ifz>0.

Then, u €  satisfy (H1) and (H2). If we take the assump-
tion that v, g satisty (H6) and (H7), therefore, all assump-
tions of Theorem 22 are fulfilled; thus, the evolution
equation (53) has a unique y-pseudo almost periodic solu-
tion if L, Ly is sufficiently small.

5. Conclusions and the Future Work

The primary objective of this research is to find out whether
there is unique p-pseudo almost periodic solution to a func-
tional evolution equation with Stepanov forcing components
in a Banach space using measure theory, evolution family,
and Holder inequality. The Lipschitz condition and the con-
traction mapping theory are used to develop certain suitable
conditions that guarantee whether there is unique y-pseudo
almost periodic solutions to the problem. As a future work,
we intend to study whether there is unique Stepanov-like
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pseudo almost periodic solution of neural network and dis-
crete equation. We will also use the Holder inequality to
consider whether there is a unique Stepanov-like pseudo
almost periodic solution of discrete equation. Almost peri-
odic problems play a very important basic role in engineer-
ing applications and mathematical research.
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