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In this article, we obtain improved Chen-Ricci inequalities for submanifolds of generalized space forms with quarter-symmetric
metric connection, with the help of which we completely characterized the Lagrangian submanifold in generalized complex
space form and a Legendrian submanifold in a generalized Sasakian space form. We also discuss some geometric applications

of the obtained results.

1. Introduction

One of the most basic problems in submanifold theory is to
develop a simple relationship between the extrinsic invari-
ants and the intrinsic invariants. The sectional curvature,
the scalar curvature, and the Ricci curvature are the main
intrinsic invariants while the squared mean curvature is
the main extrinsic invariant.

Chen obtained the following important bound of the
Ricci curvature Ric in terms of the mean curvature 7 for
Lagrangian submanifolds in complex space forms [1]:

. m? 2
Ric< (m—1)c+ TH%” , (1)

where c is the constant holomorphic sectional curvature of
the complex space form.

Further, he discussed the geometry of a Lagrangian sub-
manifold satisfying the equality case of the inequality under
the condition that the dimension of the kernel of the second
fundamental form is constant. The inequality (1) is known
as the Chen-Ricci inequality. This inequality attracted many
researchers due to its geometric importance [2-12].

Deng [13] improved the above inequality as

Ric(U) < = (c+m||%|]). 2)

In [14], Deng further extended his result for Lagrangian
submanifolds in quaternion space forms. In [15], Tripathi
improved the inequality in the case of curvature-like tensors.
In [6], Mihai and Radulescu obtained the same relation in
Sasakian space forms using semisymmetric connection as

m—1

Ric(U) + (m - 2)a(U, U) + tra < (c+3+m|Z|?).

(3)

As the curvature invariants are of great interest in theo-
retical physics (see [16]), the above studies motivate us to
obtain a complete characterization of Lagrangian submani-
fold in generalized complex space form and a Legendrian
submanifold in a generalized Sasakian space form.


https://orcid.org/0000-0002-9343-0725
https://orcid.org/0000-0001-6554-1228
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/3221643

2. Preliminaries

Let N be a Riemannian manifold and V be a linear connec-
tion on N. Then, V is said to be a semisymmetric connection
if its torsion tensor T satisfies

T(U, V) =n(V)U -n(U)V, (4)

for a 1-form 7, then the connection V is called a semisym-
metric connection [17]. Let g be a Riemannian metric on
N.If Vg =0, then V is called a semisymmetric metric con-
nection on N. The semisymmetric metric connection V on
N is given by

VyV=VyV+r(V)U-g(U V), (5)

for any U, V on N, where V denotes the Levi-Civita connec-
tion with respect to Riemannian metric g and I' is a vector
field. Further, V is said to be a semisymmetric nonmetric
connection if it satisfies

VyV=VyV+a(V)U. (6)

Moreover, the linear connection V on a Riemannian
manifold N with Riemannian metric g is said to be a
quarter-symmetric connection if its torsion tensor T is given
by

T(U,V)=VyV -V,U-[U, V], (7)
which satisfies
I(U, V) =n(V)¢U -n(U)¢V, (8)
such that 7 is a 1-form given by
#(U)=g(U.T), (©)

where I is a vector field and ¢ is a (1,1) tensor field.
Then, we can define a special quarter-symmetric connec-
tion by

VoV =V +y,m(V)U - y,g(U, V)T, (10)
where y, and v, are real constants.

Remark 1. We notice from (5) that [18]

(1) if y, =y, =1, then a quarter symmetric connection
becomes a semisymmetric metric connection

(2) if y; =1 and y, =0, then a quarter-symmetric con-
nection becomes a semisymmetric nonmetric
connection

Remark 2. It is also worthy to mention here that the quarter
symmetric connections generalized several well-known
connections.
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The curvature tensor R with respect to V is
R(U; V)Z = vvaz - vvvuz - v[U’V]Z. (11)

In the same way, we can also define the curvature tensor

o

Let
Bi(UL V) = (Tum)(V) ~yy(U)n(V) + 22 g(U, V)m(T),

B0 ) = 2D (U, V) (U (v),
(12)

are (0, 2) tensors. Then, the curvature tensor of N is given by
(19]

R(U, V,Z, W) =R(U, V, Z, W) +y, 3,
-y B (V. 2)g(U, W
“¥ B (U, W)g(V,Z
“¥ (¥ —vy)9(V.Z

U,Z)g(V, W)

+ B (V- W)g(U, Z)

+, (¥ —v,)9(U, 2)B,(V, W)
B, (U, W).

—_— =~

(13)

Let ./ be an m-dimensional submanifold in a Riemann-

ian manifold N. Let V and V be the induced quarter
symmetric-metric connection and Levi-Civita connection,
respectively, on .. Then, the Gauss formulas are

VyV=VyV+{(U,V), U, Vel(TH),

(14)

VyV=V"yV+{(U,V), UV el(TAH),

where Z is the second fundamental form that satisfies the
relation

{(U, V) =8(U, V) = y,g(U, V)™, (15)

where I'* is the normal component of the vector field I' on
M.
Moreover, the equation of Gauss is defined by [19]

R(U,V,Z,W)=R(U, V,Z, W) - g({(U, W),{(V, Z))
+9(E(V. W), ¢(U,2))
+ (1= v2)9(8(V, 2), ") g(U, W)
+ (v, ~y)g(8(U. 2), ) g(V, W).
(16)

3. Characterization of Lagrangian
Submanifold in Generalized Complex
Space Form

A smooth manifold N endowed with an almost complex
structure ] and a Riemannian metric g that is compatible
with J is called an almost Hermitian manifold. Further, for
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the Levi-Civita connection V if VJ =0, then an almost Her-
mitian manifold is said to be a Kaehler manifold. A Kaehler
manifold of constant holomorphic curvature is called a com-
plex space form. The curvature tensor of a complex space
form is given by

R(U, V.2, W) = {g(V.2)g(U, W) - g(U, Z)g(V, W)

+9(U.JZ)g(JV, W) = g(V,]Z)g(JU, W)
+29(U, JV)g(JZ, W)}
(17)

However, an almost Hermitian manifold N is called a
generalized complex space form [20-22], denoted by N(f,
,f,), if for all vector fields U, V, and Z on N, the Riemann-

ian curvature tensor R satisfies

R(U, V. Z, W) = £ {g(V. Z)g(U, W) - g(U, Z)g(V, W)}
+f,{9(U,]Z2)g(JV, W) - g(V,]Z)g(JU, W)
+29(U,JV)g(JZ, W)},

(18)

where f, and f, are smooth functions on N.
In fact, we have following fundamental result from Tri-
cerri and Vanhecke [20].

Theorem 3 (see [20]). Let N be a connected almost Hermi-
tian manifold with real dimension 2m > 6 and Riemannian

curvature R is of the form (18) such that f, is not identically
zero. Then, N is a complex space form.

Remark 4. From (18), we notice that if f, = f, = c/4, then we
recover the complex space form.

From (13) and (18), we have

R(U,V,Z, W) =f{g(V,2)g(U, W) - g(U, Z)g(V, W)}
+ 19U, JZ)g(JV, W) —g(V,]Z)g(JU, W)
+29(U,JV)g(JZ, W)} +y,8,(U, Z)g(V, W)
=¥, Bi (Vs 2)g(Us W) + v, 8,(V, W)g(U, Z)
“¥B (U, W)g(Vs Z) + v, (¥, = ¥,)9(U, 2) B, (V> W)
“¥, (¥, —v,)9(V> 2)B,(U, W).

(19)

Lemma 5 (see [13]). Let f,(u;, ty, -
R™ defined by

-, u,,) be a function on

-,um):uIZuj— Zuf (20)

fo(ugpuy, -

If u; + uy+---+u,, = 2ma, then

m—1

yr (u, +u2+---+um)2, (21)

] um) <

fi(upuy, -

and the equality holds if and only if (1/(m+1))u; =u,=---
=u,, = a, where a is a constant.

Lemma 6 (see [13]). Let f,(u;, u, -
R™ defined by

-, u,,) be a function on

m
fz(”p“z"“a“m)=”1Z”j_”§- (22)
=2

If u; + uy+---+u,, = 4a, then

(1 + u2+~-+um)2, (23)

Col ~

fao(up vy, ooy uy,) <

and the equality holds if and only if u;, =a and u,+---+
u,, = 3a, where a is a constant.

Let M™ be an m-dimensional submanifold of an almost
Hermitian manifold N. Then, M™ is said to be totally real if

J(T,M™) c T,M™. (24)
Then, we have the following relations [23]:
Ay V=AU, UVEeT,M, (25)

or equivalently,

sk s i L
Cij:A?kzcjk’ Vi, jk=1,---m, (26)

~k . . —
where A" is the shape operator with respect to V and

~ k ~

Cij :g(((ei)ej)’kk)’ by jok=1, 00 m. (27)

Remark 7. A totally real submanifold which is of maximal
dimension is known as the Lagrangian submanifold [24].

Definition 8 (see [25]). A nontotally geodesic Lagrangian
submanifold M™ of a complex space form N*"(4c) is called
H-umbilical if its second fundamental form satisfies

i=1--m—1,

h(ey, ¢;) = e, h(e;e,,) = ule;,
(e €) (€5 em) (28)
(e en) =Me,, h(e,e) =0,1<itj<m—1,
for some functions ¢ and A with respect to an orthonormal
frame {e,, -+, e, }, where J is the complex structure of N>"

(4¢).

Theorem 9. Let M™ be a totally real submanifold of maximal
dimension m(m > 2) in a connected complex space form N(
f1f,) of dimension 2m with a quarter-symmetric metric
connection such that the vector field I' is tangent to M™.



Then, for any unit tangent vector U to M™

m(”;— 1) H%HZ 2 Ric(U) - f,(m—1)— [y, +y,(1-m)]B,(U,U)
+y,tracef; — v, (v, —v,)[B,(U, U) + trace]
= (m=1)(y, - y,)m({),

(29)

and the equality holds in (29) identically if and only if
either

(1) M™ is totally geodesic, provided that m > 2, or

(2) m=2 and M? is a % -umbilical Lagrangian surface
with A =3p

Proof. As I' is tangent to M"™, we have

(=0 H=%. (30)

Let us assume an orthonormal basis {e; =U, e,, -+, e,,}
c T,M"™ and {e,,; = e, e,, = Je, } ¢ T;M" at point p
€ M™ with unit vector U € T,M™. Then, by combining
(16) and (19) and substituting U=W = € and V=Z=e¢,,
for j=2,---,m, we get

R(epepene;) =fi{glee)g(ee;) —g(ejer)gen ) }
+f2{g(ej’]el)g(]el’ej) _g(el’]el)g(]ej’ej)
+2g(ejJer)g(Jer ¢;) } + 1By (e e1)d (e e)

-y Bi(ener)gle ej) + 9,8 (ers ej)g(ej, e)

-v,p (ej’ ej)g(ep e) +y,(y, - Wz)g(ej, 61)/;2 (31) ej)

v, (¥ —v,)g(ene)By(ep ) +9(C (e e;),Clerer))
-9(C(erne;),C(eper)) = (v —wy)a(Clen &), TH)g(ee))
S\ Wl)g({(ej’ el)’Fl)g(el’ ej)'

(31)
Taking the summation over j=2, ---, m, we find

Ric(U) =, (m~ 1) + [y + y (1~ m)}B, (U, U) - y,tracef,
+ ¥, (¥, = ¥,)[B,(U, U) — tracef, ]
-0 w0+ Y3 (k- (6))

s=1j=2
(32)

which implies

Ric(U) ~ (1~ 1) = [y + ¥, (1~ m) B, (U, U) + ytracefy
=¥, (¥, —¥,)[B,(U, U) — trace, | + (m = 1) (y; — y,)m(0)

=236 (a)) = 2 2a- 1 () -2 @)

(33)
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From the above equation and (26), it is easy to see that

Ric(U) - f1(m=1) = [y, + v, (1 -m)|B, (U, U) + y,tracef,
=¥, (¥, —¥,)[By (U, U) — traceB, | + (m = 1) (y, — y,)m({)

DRIXTEDACHEDAAR
j=2 =2

(34)
Putting
Fi(Th ) = Y8 - X ()]
j=2 j=2

m
fg( 311’ ;2""’@%): snij_( 511)2’ Vs=2,:,m,
=)

(35)

and combining Lemma 5 with the relation mH' =}, + {3,
1
4. .+<'

> WE obtain

1 1 1 m—1 2 m(m-1) P
f1 (Cu’(zz’ '“’Cmm> < “am (m%l) = T4 (%1) :
(36)
Then, by Lemma 6 for s=2, ---, m, we get
s s s 1 512 m2 512 m(m_ 1) 512
£ G s Co) < () = "5 () < (7).
(37)

We find from (34), (36), and (37) that

Ric(U) < fy(m=1) + [y, +y, (1 -m)|B,(U, U) - y,tracef,
+ 9, (¥, —¥,)[B,(U, U) — tracef, |

m(m - 1)

- (m= 1)y, ~ )@y,
(38)
which is the desired inequality (29).0 |
Now, we discuss the equality cases.
Case 1. For m > 2, if Je,|| %, then

=0, (39)

for all s > 1. Therefore, using Lemma 6, we derive
(L: ]il=mf7ﬂ=0, forallj> 1, (40)

C} =0, foralljk>1,j#k.
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Further, Lemma 5 yields

1 1

H H
1 1
(=(m+1)—, (]-jz R

5 forallj> 1. (41)

In (33), we see that Ric(U) = Ric(e;). In the same way,
by deriving Ric(e,) and making use of the equality, we con-
clude that

(5;=05=0, foralls#2,j#2,s#]. (42)
In consequence, we find

2
Cll

2 2
=l ==,

-0. (43)

We see that the equality holds for every unit tangent vec-
tors. The above conclusion is also valid for (Cjk) Thus,

N £
2

Vj>3. 44
5 j= (44)

Then, the only possible nonzero entries for ((Jzk) (resp.,
for ({%)) are

x x
(fz = (;1 = C;z == (respectively(sls == (515 = T’VS > 3) .

(45)

Substituting U=Z=e¢, and V=W =¢;,j=2,-,m in
(16), we derive

- N
R(ey e ep¢)) =R(ep €5 050€)) = (T) , Vj>3. (46)

On the other hand, if we substitute U=Z=e, and V =
W =e, in (16), we get

2

~ %1 2 %1
R(ey, e, 65,e1) =R(ey, 1,65, €1) — (m+1) (T) + (7> .

(47)
Using (46) and (47), we find

Ric(ey) = f1(n=1) = [y, + v, —ny,]B, (e, €3) + y, tracef,
=¥, (vy — ) [mPB, (e, €3) — tracefy] + (m = 1) (y, — y,)m({)

(%)

(48)

5
Moreover, the equality case of (29) implies that
Ric(e;) = f1(m=1) = [y, + v, —my,|B, (U, U) + ytracef,
=Y (Y1 = ¥,)[mP, (U, U) — tracefy] + (m = 1) (y, = y,)7(C)
PN
=m(m—-1) (T) .
(49)

Using the fact m # 1, 2, by (48) and (49), it is easy to see
that %' = 0. This implies that M™ is a totally geodesic in
N2™(4c).

Case 2. In case m =2, M? is nontotally geodesic, then {(e;,
e)) =Aey, (e, €,) = pes, (e, e,) = pe,, together with A =3
p. This proves that M?* is #-umbilical surface.

The above theorem gives the following results.

Corollary 10. Let M™ be a totally real submanifold of maxi-
mal dimension m(m > 2) in a connected complex space form
N(f,,f,) of dimension 2m with a semisymmetric metric con-
nection such that the vector field I is tangent to M™. Then,
for any unit tangent vector U to M™

W |Z|1? + f,(m = 1) + (2= m)B,(U, U) — tracep,,

(50)

Ric(U) <

and the equality holds in (50) identically if and only if either

(1) M™ is totally geodesic, provided m > 2, or

(2) m=2 and M? is a % -umbilical Lagrangian surface
with A =3p

Proof. Using the fact y, =y, =1 together with Theorem 9,
the result directly follows.(J O

Remark 11. It is worthy to mention here that Corollary 10
together with Remark 4 is the main result for complex case
of the paper [26].

Corollary 12. Let M™ be a totally real submanifold of maxi-
mal dimension m(m > 2) in a connected complex space form
N(f,»f,) of dimension 2m with a semisymmetric nonmetric
connection such that the vector field I' is tangent to M™.
Then, for any unit tangent vector U to M™

Ric(U) < 191 + f,(m = 1) + (1 - m)B,(U, U) + (m - D)n({),

(51)

m(m—1I)
4

and the equality holds in (51) identically if and only if either

(1) M™ is totally geodesic, provided n > 2, or
(2) M? is a 9 -umbilical Lagrangian surface with A =3u



Proof. Using the fact ¢, = 1 and y, = 0 together with Theo-
rem 9, the result directly follows.(J O

4. Characterization of Legendrian
Submanifold in Generalized Sasakian
Space Form

Let a (2m + 1)-dimensional almost contact metric manifold
N*m*1 furnished with the almost complex structure (¢, &,#
,g), where @ is a (1,1) tensor field, & is the structure vector
field, #, the 1-form, and g is the Riemannian metric on
N?"+1 Then, following relations hold good:

¢’ =-I1+n®& n&) =1, g(pU,@V)=g(U, V) -n(U)n(V).
(52)

It also follows from the above relations that

9&=0, n(9pU) =0, n(U) = g(U, &), g(pU, V) + g(U, V) =0,
(53)

for all vector fields U, V on N.
Let (N, ¢,&,1, g) be an almost contact metric manifold
whose curvature tensor satisfies [27]

RU,V)Z=f{g(V.2)U - g(U,Z)V} + f,{g(U, pZ)pV
= 9(V,9Z)pU +29(U, pV)oZ} + f3{n(U)n(Z)V
-n(V)n(Z)U + g(U, Z)n(V)§ - g(V, Z)n(U)&},
(54)

for all vector fields U, V, Z on N, where f, f,, f, are dif-
ferentiable functions on N. Then, N(f, f,, f) is said to be a
generalized Sasakian space form.

Remark 13. The generalized Sasakian space forms are [27]

(1) Sasakian space forms if f, = (c+3)/4,f, =f;=(c—
1)/4

(2) Kenmotsu space forms if f, = (¢ —3)/4 and f, = f,
=(c+1)/4

(3) cosymplectic space forms if f, = f, =f; =c/4

From (13) and (54), we have

RU,V)Z=f{g(V.Z)U - g(U,Z)V} + f,{g(U, 9Z)pV
—9(V,9Z)pU +2g(U, oV)pZ} + f3{n(U)n(Z)V
-n(V)n(Z)U + g(U, Z)n(V)§ - g(V, Z)n(U)E}
+y,B(U, Z)g(V, W) -y, B (V, Z)g(U, W)
+9,8,(V, W)g(U, Z) -y, 3,(U, W)g(V, Z)
¥, (v, =) g(U, 2) By (V, W) =y, (v, — 9,)g(V, Z) B, (U, W).

(55)

A submanifold M™ of an almost contact manifold N*"*!
normal to & is called a C-totally real submanifold. On such a
submanifold, ¢ maps any tangent vector to M™ at p e M"™
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into the normal space T;M’” . In particular, if n=m, ie,

M™ has maximum dimension, then it is a Legendrian sub-
manifold. For a Legendrian submanifold M™, if {e;, -, ¢,

} and {e,., =9ey, ey, = e, €y, =§} be tangent
orthonormal frame and normal orthonormal frame, respec-
tively, on M™. One has

Ay V=AU, UVEeT,M, (56)

or equivalently,

“ko~j i .
(ij:A?k:Cjk’ Vi, jk=1,--,m, (57)

~k . . —
where A" is the shape operator with respect to V and

Cijkzg(Z(ei,ej),]ek), Lj, k=1, m. (58)

Definition 14 (see [28]). A nontotally geodesic Legendrian
submanifold M™ of a Sasakian space form N*"*!(4c) is
called H-umbilical if its second fundamental form satisfies

h(ey,e;) = Ade,, h(e,, e,) == =h(e,e,,) = ude,,
h(el,ej) :y¢ej,h(ej, ek) =0, j#kjk=2--,m,
(59)

for some functions p and A with respect to an orthonormal
frame {e;,---,e,}, where ¢ is the contact structure of
N2m+1 ( 4 C) .

Theorem 15. Let M™ be a totally real submanifold of maxi-
mal dimension m(m>2) in a generalized Sasakian space
form N(f,,ff;) of dimension 2m+1 with a quarter-
symmetric metric connection such that the vector field I is
tangent to M™. Then, for any unit tangent vector U to M™
m(m—1
ML) 1P 4 = 1)+ [y, (1= m)JB,(U, V)
—y,tracef; + v, (¥, = ¥,)[B,(U, U) + tracef,]
+(m=1)(y; - y,)m(C)

Ric(U) <

(60)
and the equality holds in (60) identically if and only if either

(1) M™ is totally geodesic, provided m > 2, or

(2) m=2 and M? is a I -umbilical Legendrian surface
with A =3p

Proof. As I' is tangent to M"™, we have
(=L =%. (61)

Let us assume an orthonormal basis {¢; = U, e,, -+, ¢,,}
c TPMm and {em+1 =P €0 = P €0y = E} c T;Mm
at point p €M™ with unit vector Ue€T,M™. Then, by
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combining (16) and (55) and substituting U = W=e, and

V =Z = e, and summing over j =2, ---, m, we compute

Ric(U) =f(m—1) + [y, +y, (1 -m)|B, (U, U) - y,tracef,
+ ¥, (¥, — ) [B, (U, U) — tracef3,
=1 =@+ 3 ) (65 (5)):
s=1j=2
(62)

From (62) and (57), we deduce

Ric(U) = f1(m=1) = [y, +y,(1 - m)]B, (U, U) + y,tracep,

=¥, (¥, —¥,)[B,(U, U) —traceB, | + (m = 1)(y, — y,)m({)
< 2122(11611 ; < 11)2 - Fzz ((},)2
(63)
Putting
1 #1
fl((ll’CZZ’”' ) (112{]]_122( ) >
fs(csll’CZZ"" (112% (11 » Vs=2,-m,
(64)

and by using the fact m#"' ={}, +{5,+--+(},. together

with the Lemma 5, we see that

m-—1

2 m(m — 1) 2
fi (Cw(zz’ Cmm> = “am (m%l) = 4 (%1)
(65)
Application of Lemma 6 for s =2, ---, m, gives
2
f (611 sz’ (mm) < %(m%s)z = %(%5)2 < m(”/; 1) (%S)Z
(66)

Equations (65), (67), and (68) yield the following rela-
tion

Ric(U) — f,(m = 1) = [y + ¥ (1 = )], (U, U) + ytracef,
- 1/’2(""1 - Wz)[ﬁz(U U) - tracef,] + (m — 1) (y, —y,)7(()
2y
(67)

7
Thus, we derive
Ric(U) < fi(m=1) + [y, +y,(1-m)]|B, (U, U) - y,tracefs,
+ Y, (¥1 = ¥,)[By(U, U) — tracef,]
m(m-—1
+ m= )y -y "D,
(68)
which is the desired inequality (60).00 O
Now, we discuss the equality cases.
Case 1. For m > 2, if Je,||#. Then,
5 =0, (69)
for all s > 1. Therefore, using Lemma 6, we derive
i 4
(1; = mT =0, forallj>1, (70)
(=0, foralljk>1,j#k. (71)

Further, Lemma 5 yields

1 1

H )
{jj=—, forallj>1.  (72)

Cll (m"'l)H 5

2

In (63), we see that Ric(U) =Ric(e; ). In the same way,
by deriving Ric(e,) and making use of the equality, we con-
clude that

(2] CJS 0, foralls#2,j+2,s#]. (73)

In consequence, we find

2
(11 —

e (52:...:@%:7:0, (74)

We see that the equality holds for every unit tangent vec-
tors. The above conclusion is also valid for ( ;k) Thus,

Vj>3. (75)

F4
(:2] zz 7=0’

Then, the only possible nonzero entries for (Cjzk) (resp.,

for ({3)) are

1 . %1
512 (21 sz (resp (=C1=C= T’VS > 3).

Substituting U=Z=e, and V=W =e¢;,j=2,--,m in



(16), we obtain

- 7\’
R(ey e ep¢)) =R(er €5 050€)) = (T) , Vj=3. (77)

On the other hand, if weput U=Z=¢, and V=W =¢,
in (16), we get

2

~ %1 2 %1
R(ey,ej e, e.) =R(ey, e, e5,€)) = (m+1) <7> + (7> .

(78)
From (77) and (78), it follows that

Ric(ey) = f1(m = 1) = [y, + v, - my,] B, (e, €,) + vy tracef,
=¥, (v, —y,)[mP, (e €3) — trace, ] + (m = 1) (y, —y,)m(0)

(%))

Moreover, using the equality case of (29), we see that

(79)

Ric(ey) = f1(m=1) = [y, + v, = my,] B, (U, U) + y,tracef,
=¥, (¥, —v,)[mpB, (U, U) — tracef,] + (m = 1) (y, = y,)m({)

2

mn (%),

(80)

Indeed m # 1, 2, with (81) and (84), we find " = 0. This
implies that M™ is a totally geodesic in N*"*!(c).

Case 2. In the case m =2, M? is nontotally geodesic, then {
(e, e)) = Aes, ((ey, €,) = pies, (e, e,) = pe, together with A
= 3u. This proves that M? is #-umbilical surface.

Remark 16. If we consider the structure vector field & tangen-
tial to the submanifold M, then we have the following result.

Theorem 17. Let M™! be a totally real submanifold of max-
imal dimension m + 1(m > 2) in a generalized Sasakian space
form N(f,,ff;) of dimension 2m+1 with a quarter-
symmetric metric connection such that the vector field I is
tangent to M. Then, for any unit tangent vector U to
Mm+1,

D |21+ f i (= (o) + 1},
+ [y, +y,m]B,(U,U)

—y,tracefS; + v, (v, — ¥,)[B,(U, U) + tracef3,]
+m(y, —y,)n(0),

Ric(U) <

(81)

and the equality holds in (81) identically if and only if
either
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(1) M™*1 is totally geodesic, provided m > 2, or

(2) m=2 and M? is a I -umbilical Legendrian surface
with A =3p

Proof. We obtain the proof on the same lines of the proof for
Theorem 15 additionally assuming an orthonormal basis

{el =U, e €m> Cmt1> Cme2> "7 62m+1}> (82)

such that e, 5, -+, €, €., € T, M.
As a consequence of Theorem 15, we obtain the follow-
ing results.(J O

Corollary 18. Let M™ be a totally real submanifold of maxi-
mal dimension m(m > 2) in a Sasakian space form N(c) of
dimension 2m + 1 with a quarter-symmetric metric connec-
tion such that the vector field I is tangent to M™. Then, for
any unit tangent vector U to M™

D e+ 2 - 1)
+ [y, +y,(1-m)]B; (U, U) - y,tracef,
) B0, U) + trace] + (m = 1)y, ~ v Q)

(83)

Ric(U) <

and the equality holds in (83) identically if and only if either

(1) M™ is totally geodesic, provided m > 2, or

(2) m=2 and M? is a H -umbilical Legendrian surface
with A =3u

Proof. The proof follows immediately from Theorem 15 by
putting f, = (c+3)/4,f,=f;=(c—1)/4.0 O

Corollary 19. Let M™ be a totally real submanifold of maxi-
mal dimension m(m > 2) in a Kenmotsu space form N(c) of
dimension 2m + 1 with a quarter-symmetric metric connec-
tion such that the vector field I' is tangent to M™. Then, for
any unit tangent vector U to M™

20D s+ )
+ [y, +y,(1-m)]B,(U, U) —y,traceff;  (84)
+Y,(¥; = ¥,)[Bo(U, U) + trace,)]

+(m=1)(y, —y,)m(C),

Ric(U) <

and the equality holds in (84) identically if and only if
either

(1) M™ is totally geodesic, provided m > 2, or

(2) m=2 and M? is a I -umbilical Legendrian surface
with A=3p
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Proof. The proof follows immediately from Theorem 15 by
replacing f, =(c—3)/4 and f, =f, = (c+1)/4.0 O

Corollary 20. Let M™ be a totally real submanifold of maxi-
mal dimension m(m >2) in a cosymplectic space form N(c)
of dimension 2m + 1 with a quarter-symmetric metric con-
nection such that the vector field I is tangent to M™. Then,
for any unit tangent vector U to M™

- m(m—1)
- 4
+ [y, +y,(1-m)]B;(U, U) - y,tracef,
+9,(¥, = ¥,)[Bo(U, U) + traceB,) + (m = 1) (y; = y,)m(0),
(85)

-3
Ric(U) |7 + <= (m - 1)

and the equality holds in (85) identically if and only if
either

(1) M™ is totally geodesic, provided m > 2, or

(2) m=2 and M? is a I -umbilical Legendrian surface
with A =3u

Proof. The proof follows immediately from Theorem 15 by
substituting f, = f, = f, = ¢/4.0 O

Corollary 21. Let M™ be a totally real submanifold of maxi-
mal dimension m(m>2) in a generalized Sasakian space
form N(f,,f, f3) of dimension 2m + 1 with a semisymmetric
metric connection such that the vector field I' is tangent to
M™. Then, for any unit tangent vector U to M™

m(m—1)

Ric(U) <
ic(U) )

1) + f,(m = 1)+ (2= m)B,(U, U) - tracef,,
(86)

and the equality in (60) holds identically if and only if either

(1) M™ is totally geodesic, provided m > 2, or

(2) m=2 and M? is a  -umbilical Legendrian surface
with A =3u

Proof. Using the fact that y, =y, = 1 together with Theorem
15, the result directly follows.(J O

Remark 22. Tt is worthy to mention here that Corollary 21
together with Remark 13 (1) is the main result of the

paper [6].

Corollary 23. Let M™ be a totally real submanifold of maxi-
mal dimension m(m>2) in a generalized Sasakian space
form N(f,,f, f3) of dimension 2m + 1 with a semisymmetric
nonmetric connection such that the vector field I' is tangent to

M™. Then, for any unit tangent vector U to M™

DN fm = 1)+ (1= m)f (U, U) + (= ),

(87)

Ric(U) <

and the equality in (87) holds identically if and only if either

(1) M™ is totally geodesic, provided m > 2, or

(2) m=2 and M? is a I -umbilical Legendrian surface
with A =3p

Proof. Using the fact that v, =1 and y, = 0 together with
Theorem 15, the result directly follows.(J O

Remark 24. All the above cases for Theorem 15 can be seen
in the case of Theorem 17 as well.

Remark 25. Examples of totally geodesic submanifolds, H
-umbilical Lagrangian submanifolds, and H-umbilical
Legendrian submanifolds, i.e., examples of submanifolds
attaining the equality case of the inequalities stated in this
article, can be found in [25, 29, 30].
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