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In this research work, we study a new class of ψ-Hilfer hybrid fractional integro-differential boundary value problems with
nonlocal boundary conditions. Existence results are established for single and multivalued cases, by using suitable fixed-point
theorems for the product of two single or multivalued operators. Examples illustrating the main results are also constructed.

1. Introduction

Some real-world problems in physics, mechanics, and other
fields can be described better with the help of fractional dif-
ferential equations. So, differential equations of fractional
order has recently received a lot of attention and now consti-
tutes a significant branch of nonlinear analysis. Numerous
monographs have appeared devoted to fractional differential
equations, for example, see [1–8]. Recently, differential equa-
tions and inclusions equipped with various boundary condi-
tions have been widely investigated by many researchers, see
[9–14] and the references cited therein.

Hybrid fractional differential equations have also been
studied by several researchers. This class of equations
involves the fractional derivative of an unknown function
hybrid with the nonlinearity depending on it. Some recent
results on hybrid differential equations can be found in a
series of papers [15–18].

We will give a brief history on the subject of hybrid dif-
ferential and fractional differential equations. In 2010,

Dhage and Lakshmikantham [19] initiated the study of the
first-order hybrid differential equation

d
dt

x tð Þ
f t, x tð Þð Þ
� �

= g t, x tð Þð Þ, t ∈ J ≔ 0, T½ �,

x 0ð Þ = x0 ∈ℝ,

8><
>: ð1Þ

where f ∈ CðJ ×ℝ,ℝ \ f0gÞ and g ∈ CðJ ×ℝ,ℝÞ: They
established the existence, uniqueness results, and some fun-
damental differential inequalities.

In 2011, Zhao et al. [15] discussed the following hybrid
fractional initial value problem

Dq x tð Þ
f t, x tð Þð Þ
� �

= g t, x tð Þð Þ, t ∈ J ,

x 0ð Þ = x0 ∈ℝ,

8><
>: ð2Þ
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where Dq is the Riemann-Liouville fractional derivative of
order 0 < q < 1,f ∈ CðJ ×ℝ,ℝ \ f0gÞ, and g ∈ CðJ ×ℝ,ℝÞ:

Sun et al. [16] studied the following hybrid fractional
boundary value problem

Dq x tð Þ
f t, x tð Þð Þ

� �
= g t, x tð Þð Þ, t ∈ 0, 1½ �,

x 0ð Þ = x 1ð Þ = 0,

8><
>: ð3Þ

where Dq is the Riemann-Liouville fractional derivative of
order 1 < q < 2,f ∈ Cð½0, 1� ×ℝ,ℝ \ f0gÞ, and g ∈ Cð½0, 1� ×
ℝ,ℝÞ:

In [20], the authors studied the existence of solutions for
a nonlocal boundary value problem of hybrid fractional
integro-differential equations given by

Dα x tð Þ − ∑n
i=1I

βi hi t, x tð Þð Þ
g t, x tð Þð Þ

" #
= f t, x tð Þð Þ, t ∈ 0, 1½ �,

x 0ð Þ =m xð Þ, x 1ð Þ = A,

8>><
>>:

ð4Þ

where Dα is the Caputo fractional derivative of order α with
1 < α ≤ 2, Iβi is the Riemann-Liouville fractional integral of
order βi > 0, hi ∈ Cð½0, 1� ×ℝ,ℝÞ for i = 1, 2,⋯, n, g ∈ Cð½0
, 1� ×ℝ,ℝ \ f0gÞ, f ∈ Cð½0, 1� ×ℝ,ℝÞ, a functional m : Cð½0
, 1�,ℝÞ⟶ℝ, and A ∈ℝ: The main result was obtained by
means of a hybrid fixed-point theorem for three operators
in a Banach algebra due to Dhage [21].

The existence of solutions for an initial value problem of
hybrid fractional integro-differential equations, given by

Dα Dωx tð Þ −∑n
i=1I

βi hi t, x tð Þð Þ
g t, x tð Þð Þ

" #
= f t, x tð Þð Þ,  t ∈ 0, 1½ �,

x 0ð Þ = 0,Dωx 0ð Þ = 0,

8>><
>>:

ð5Þ

was studied in [22]. Here, Dθ is the Caputo fractional deriv-
ative of order θ ∈ fα, ωg with 0 < α, ω ≤ 1; Iβi is the
Riemann-Liouville fractional integral of order βi > 0, hi ∈ C
ð½0, 1� ×ℝ,ℝÞ for i = 1, 2,⋯, n, g ∈ Cð½0, 1� ×ℝ,ℝ \ f0gÞ, f
∈ Cð½0, 1� ×ℝ,ℝÞ. A generalization of Krasnoselskii fixed-
point theorem due to Dhage [21] was used in the proof of
the existence result.

The problem (5) was extended in [23] to boundary value
problems of the form

Dα Dωx tð Þ −∑n
i=1I

βi hi t, x tð Þð Þ
g t, x tð Þð Þ

" #
= f t, x tð Þð Þ,  t ∈ 0, 1½ �,

x 0ð Þ = 0,Dωx 0ð Þ = 0, x 1ð Þ = δx ηð Þ,  0 < δ < 1, 0 < η < 1,

8>><
>>:

ð6Þ

where Dθ is the Caputo fractional derivative of order θ ∈ fα,
ωg with 0 < α ≤ 1, 1 < ω ≤ 2; Iβi is the Riemann-Liouville frac-

tional integral of order βi > 0, hi ∈ Cð½0, 1� ×ℝ,ℝÞ for i = 1,
2,⋯, n, g ∈ Cð½0, 1� ×ℝ,ℝ \ f0gÞ, f ∈ Cð½0, 1� ×ℝ,ℝÞ. An
existence result is proved via Dhage’s [21] fixed-point
theorem.

For recent results on hybrid boundary value problems of
fractional differential equations and inclusions, we refer to
[24–26] and references cited therein. In the literature, there
do exist several definitions of fractional integrals and deriv-
atives. One of them is the Hilfer fractional derivative, which
composites both Riemann-Liouville and Caputo fractional
derivatives [27]. Fractional differential equations involving
Hilfer derivative have many applications, and we refer to
[28] and the references cited therein. There are actual world
occurrences with uncharacteristic dynamics such as atmo-
spheric diffusion of pollution, signal transmissions through
strong magnetic fields, the effect of the theory of the profit-
ability of stocks in economic markets, the theoretical simula-
tion of dielectric relaxation in glass forming materials, and
network traffic. See [29, 30] and references cited therein.

In [31], an initial value problem was discussed for hybrid
fractional differential equations involving ψ-Hilfer fractional
derivative of the form

HDα,β;ψ x tð Þ
f t, x tð Þð Þ

� �
= g t, x tð Þð Þ, t ∈ J ,

I1−γ,ψ
x 0ð Þ

f 0, x 0ð Þð Þ
� �

= x0 ∈ℝ

8>>><
>>>:

ð7Þ

where HDα,β;ψ is the ψ-Hilfer fractional derivative with 0
< α < 1,0 ≤ β ≤ 1,α ≤ γ = α + β − αβ < 1,
f ∈ C1−γ;ψðJ ×ℝ,ℝ \ f0gÞ, and g ∈ C1−γ;ψðJ ×ℝ,ℝÞ: For
some recent results on ψ-Hilfer fractional initial value prob-
lems, see [32–37] and references cited therein.

In the present work, we study a ψ-Hilfer hybrid frac-
tional integro-differential nonlocal boundary value problem
of the form

HD
α,ρ;ψ
a+

x tð Þ
g t, x tð Þð Þ
� �

− 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ

" #
= f t, x tð Þð Þ,  t ∈ a, b½ �,

x að Þ = 0, x bð Þ =m xð Þ,

8>><
>>:

ð8Þ

where HD
α,ρ;ψ
a+ is the ψ-Hilfer fractional derivative operator of

order α, with 0 < α ≤ 2, 0 ≤ ρ ≤ 1; I βi ;ψ
a+ is ψ-Riemann-Liou-

ville fractional integral of order βi > 0, for i = 1, 2,⋯, n, g ∈
Cð½a, b� ×ℝ,ℝ \ f0gÞ, f ∈ Cð½a, b� ×ℝ,ℝÞ, m : Cð½a, b�,ℝÞ
⟶ℝ,hi ∈ Cð½a, b� ×ℝ,ℝÞ with hiða, 0Þ = 0 for i = 1, 2,⋯,
n. An existence result is established via a fixed-point theorem
for the product of two operators due to Dhage [21].

As a second problem, we investigate the existence of
solutions for the following inclusion ψ-Hilfer fractional
hybrid integro-differential equations with nonlocal bound-
ary conditions of the form
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HD
α,β;ψ x tð Þ

g t, x tð Þð Þ
� �

− 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ

" #
∈ F t, x tð Þð Þ,  t ∈ a, b½ �,

x að Þ = 0, x bð Þ =m xð Þ,

8>><
>>:

ð9Þ

where F : ½a, b� ×ℝ⟶P ðℝÞ is a multivalued map, P ðℝÞ
is the family of all subsets of ℝ, and the other quantities
are the same as in boundary value problem (8). Here, the
existence result is based on a multivalued fixed-point theo-
rem for the product of two operators due to Dhage [38].

The rest of the paper is arranged as follows: in Section 2,
we recall some notations, definitions, and lemmas from frac-
tional calculus needed in our study. Also, we prove an auxil-
iary lemma helping us to transform the hybrid boundary
value problem (8) into an equivalent integral equation. The
main existence result for the ψ-Hilfer hybrid boundary value
problem (8) is contained in Section 3. The obtained result is
illustrated by a numerical example. Section 4 is devoted in
the study of the inclusion case of the hybrid boundary value
problem (8) by considering the multivalued hybrid bound-
ary value problem (9). Some special cases are discussed in
Section 5.

2. Preliminaries

This section is assigned to recall some notation in relation to
fractional calculus. We denote by ACnð½a, b�,ℝÞ the n-times
absolutely continuous functions given by

ACn a, b½ �,ℝð Þ = f : a, b½ �⟶ℝ ; f n−1ð Þ ∈AC a, b½ �,ℝð Þ
n o

:

ð10Þ

Definition 1 (see [2]). Let ða, bÞ, ð−∞≤a < b≤∞Þ, be a finite
or infinite interval of the half-axis ð0,∞Þ and α > 0. Also, let
ψ be an increasing and positive monotone function on ða, b�,
having a continuous derivative ψ′ðxÞ on ða, bÞ. The ψ-Rie-
mann-Liouville fractional integral of a function f with
respect to another function ψ on ½a, b� is defined by

I
α;ψ
a+ f tð Þ = 1

Γ αð Þ
ðt
a
ψ′ sð Þ ψ tð Þ − ψ sð Þð Þα−1 f sð Þds,  t > a > 0,

ð11Þ

where Γð·Þ is the Euler Gamma function.

Definition 2 (see [2]). Let ψ′ðtÞ ≠ 0 and α > 0, n ∈ℕ. The
Riemann-Liouville derivatives of a function f with respect
to another function ψ of order α is defined by

D
α;ψ
a+ f tð Þ = 1

ψ′ tð Þ
d
dt

 !n

I
n−α;ψ
a+ f tð Þ

= 1
Γ n − αð Þ

1
ψ′ tð Þ

d
dt

 !nðt
a
ψ′ sð Þ ψ tð Þð

− ψ sð ÞÞn−α−1 f sð Þds,

ð12Þ

where n = ½α� + 1, ½α� is represent the integer part of the real
number α.

Definition 3 (see [32]). Let n − 1 < α < n with n ∈ℕ, ½a, b� is
the interval such that −∞≤ a < b ≤∞ and f , ψ ∈ Cnð½a, b�,
ℝÞ two functions such that ψ is increasing and ψ′ðtÞ ≠ 0,
for all t ∈ ½a, b�. The ψ-Hilfer fractional derivative of a func-
tion f of order α and type 0 ≤ ρ ≤ 1 is defined by

HD
α,ρ;ψ
a+ f tð Þ =I

ρ n−αð Þ;ψ
a+

1
ψ′ tð Þ

d
dt

 !n

I
1−ρð Þ n−αð Þ;ψ
a+ f tð Þ

=I
γ−α;ψ
a+ D

γ;ψ
a+ f tð Þ,

ð13Þ

where n = ½α� + 1; ½α� represents the integer part of the real
number α with γ = α + ρðn − αÞ.

Lemma 4 (see [2]). Let α, β > 0, then we have the following
semigroup property given by

I
α;ψ
a+ I

β;ψ
a+ f tð Þ =I

α+β;ψ
a+ f tð Þ, t > a: ð14Þ

Next, we present the ψ-fractional integral and derivatives
of a power function.

Proposition 5 (see [2, 32]). Let α ≥ 0, υ > 0, and t > a, then,
ψ-fractional integral and derivative of a power function are
given by

I
α;ψ
a+ ψ sð Þ − ψ að Þð Þυ−1 tð Þ = Γ υð Þ

Γ υ + αð Þ ψ tð Þ − ψ að Þð Þυ+α−1,
HD

α,ρ;ψ
a+ ψ sð Þ − ψ að Þð Þυ−1 tð Þ
= Γ υð Þ
Γ υ − αð Þ ψ tð Þ − ψ að Þð Þυ−α−1, n − 1 < α < n, υ > n:

ð15Þ

Lemma 6 (see [33]). Let m − 1 < α <m, n − 1 < β < n, n,m
∈ℕ, n ≤m, 0 ≤ ρ ≤ 1, and α ≥ β + ρðn − βÞ. If f ∈ Cnð½a, b�,
ℝÞ, then

HD
β,ρ;ψ
a+ I

α;ψ
a+ f tð Þ =I

α−β;ψ
a+ f tð Þ: ð16Þ

Lemma 7 (see [32]). If f ∈ Cnð½a, b�,ℝÞ, n − 1 < α < n, 0 ≤ ρ
≤ 1, and γ = α + ρðn − αÞ, then

I
α;ψ
a+

H
D

α,ρ;ψ
a+ f tð Þ = f tð Þ − 〠

n

k=1

ψ tð Þ − ψ að Þð Þγ−k
Γ γ − k + 1ð Þ

� ∇ n−k½ �
ψ I

1−ρð Þ n−αð Þ;ψ
a+ f að Þ,

ð17Þ

for all t ∈ ½a, b�, where ∇½n�
ψ f ðtÞ≔ ðð1/ψ′ðtÞÞðd/dtÞÞn f ðtÞ.

Lemma 8. Let 1 < α ≤ 2, 0 ≤ ρ ≤ 1, γ = α + ρð2 − αÞ, and z ∈
Cð½a, b�,ℝÞ. Then, x is a solution of the ψ-Hilfer hybrid frac-
tional integro-differential nonlocal boundary value problem
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of the form

D
α,ρ;ψ
a+

x tð Þ
g t, x tð Þð Þ
� �

− 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ = z tð Þ, t ∈ a, b½ �

" #
,

x að Þ = 0, x bð Þ =m xð Þ,

8>><
>>:

ð18Þ

if and only if x satisfies the equation

x tð Þ = g t, x tð Þð Þ
(
〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ z tð Þ

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m xð Þ

g b,m xð Þð Þ

− 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ z bð Þ

!)
:

ð19Þ

Proof. Let x ∈ Cð½a, b�,ℝÞ be a solution of the problem (18).
Applying the operator I α;ψ

a+ to both sides of (18) and using
Lemma 7, we obtain

x tð Þ
g t, x tð Þð Þ − 〠

n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ

=I
α;ψ
a+ z tð Þ + ψ tð Þ − ψ að Þð Þγ−1

Γ γð Þ c1

+ ψ tð Þ − ψ að Þð Þγ−2
Γ γ − 1ð Þ c2,

ð20Þ

where c1, c2 ∈ℝ. By using the first boundary condition,
xðaÞ = 0, we get the constant c2 = 0. From the second bound-
ary condition, xðbÞ =mðxÞ, we find that

c1 =
Γ γð Þ

ψ bð Þ − ψ að Þð Þγ−1
 

m xð Þ
g b,m xð Þð Þ

− 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ z bð Þ

!
:

ð21Þ

Substituting the value of c1 and c2 in (20), we obtain (19).
Conversely, by a direct computation, it is easy to show

that the solution x given by (19) satisfies the problem (18).
The proof of Lemma 8 is completed.☐

Let X = CðJ ,ℝÞ be the Banach space of continuous real-
valued functions defined on ½a, b�, equipped with the norm
kxk = supt∈½a,b�jxðtÞj and a multiplication ðxyÞðtÞ = xðtÞyðtÞ,
∀t ∈ ½a, b�: Then, clearly, X is a Banach algebra with above-
defined supremum norm and multiplication in it.

Lemma 9 (see [21]). Let S be a nonempty, closed convex, and
bounded subset of the Banach algebra X and A : X⟶ X,
B : S⟶ X two operators such that

(a) A is Lipschitzian with a Lipschitz constant k

(b) B is completely continuous

(c) x = AxBy⟹ x ∈ S for all y ∈ S

(d) Mk < 1, where M = kBðSÞk = sup fjBxj: x ∈ Sg
Then, the operator equation x = AxBx has a solution.

3. Existence Result for the Problem (8)

In view of Lemma 8, we define an operator Q : X⟶X by

Qx tð Þ = g t, x tð Þð Þ
(
〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ f t, x tð Þð Þ

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m xð Þ

g b,m xð Þð Þ

− 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ f b,m xð Þð Þ

!)
:

ð22Þ

Notice that the problem (8) has solutions if and only if
the operator Q has fixed points.

Theorem 10. Assume that:
(A1) The function g : ½a, b� ×ℝ⟶ℝ \ f0g is continuous

and there exists a positive function ϕ, with bound ∥ϕ∥, such
that

g t, xð Þ − g t, yð Þj j ≤ ϕ tð Þ x − yj j, ð23Þ

for t ∈ ½a, b� and x, y ∈ℝ
(A2) jhiðt, xÞj ≤ λiðtÞ, λi ∈ Cð½a, b�,ℝÞ, ∀ðt, xÞ ∈ ½a, b� ×ℝ

, i = 1, 2,⋯, n,j f ðt, xÞj ≤ μðtÞ,jgðt, xÞj ≤ νðtÞ,
∀ðt, xÞ ∈ ½a, b� ×ℝ,μ, ν ∈ Cð½a, b�,ℝÞ

(A3) There exists a positive constant K > 0 such that

m xð Þj j
g b,m xð Þð Þj j ≤K , ∀x ∈ C a, b½ �,ℝð Þ, ð24Þ

(A4) There exists a positive real number r > 0 such that

νk k 2〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k + 2
ψ bð Þ − ψ að Þð Þα
Γ α + 1ð Þ μk k +K

" #
≤ r:

ð25Þ

Then, the ψ-Hilfer hybrid fractional integro-differential
nonlocal boundary value problem (8) has at least one solution
on ½a, b�, provided that

ϕk k 2〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k + 2
ψ bð Þ − ψ að Þð Þα
Γ α + 1ð Þ μk k +K

" #
< 1:

ð26Þ

Proof. We consider a subset S of X defined by S = fx ∈X
: kxk ≤ rg, where r satisfies the inequality (25). Observe that
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S is a closed, convex, and bounded subset of the Banach
space X. We set supt∈½a,b�jλiðtÞj = kλik,i = 1, 2,⋯,m,
supt∈½a,b�jμðtÞj = kμk, and supt∈½a,b�jνðtÞj = kνk:

Next, we define two more operators A : X⟶X and
B : S⟶X as follows:

Ax tð Þ = g t, x tð Þð Þ, t ∈ a, b½ �,

Bx tð Þ = 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ f t, x tð Þð Þ

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m xð Þ

g b,m xð Þð Þ

− 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ f b,m xð Þð Þ

!
:

ð27Þ

Clearly, Qx =AxBx. In the next steps, we show that the
operators A and B fulfil all the assumptions of Lemma 9.
The proof is divided into three steps.☐

Step 1. We show that the operator A is Lipschitzian with
Lipschitz constant k, i.e., condition ðaÞ of Lemma 9 is ful-
filled. Let x, y ∈ S: Then we have

Ax tð Þ − Ay tð Þj j = g t, x tð Þð Þ − g t, y tð Þð Þj j
≤ ϕ tð Þ x tð Þ − y tð Þj j ≤ ϕk k x − yk k: ð28Þ

Consequently,

Ax −Ayk k ≤ ϕk k x − yk k: ð29Þ

Hence, the operator A is Lipschitzian with Lipschitz
constant k = kϕk.

Step 2. We show that the condition ðbÞ of Lemma 9 is satis-
fied, i.e., the operatorB is completely continuous on S: First,
we will prove its continuity. Let fxjðtÞg be a sequence of
functions in S converging to a function xðtÞ ∈ S: Then, by
the Lebesgue dominant theorem, for each t ∈ ½a, b�, we have

lim
j⟶∞

Bxj tð Þ = lim
j⟶∞

(
〠
n

i=1
I

βi ;ψ
a+ hi t, xj tð Þ

� �
+I

α;ψ
a+ f t, xj tð Þ
� �

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m xj
� �

g b,m xj
� �� �

− 〠
n

i=1
I

βi ;ψ
a+ hi b,m xj

� �� �
−I

α;ψ
a+ f b,m xj

� �� �!)

= 〠
n

i=1
I

βi ;ψ
a+ lim

j⟶∞
hi t, xj tð Þ
� �

+I
α;ψ
a+ lim

j⟶∞
f t, xj tð Þ
� �

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
lim
j⟶∞

m xj
� �

g b,m xj
� �� �

− 〠
n

i=1
I

βi ;ψ
a+ lim

j⟶∞
hi b,m xj

� �� �

−I
α;ψ
a+ lim

j⟶∞
f b,m xj

� �� �!

= 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ f t, x tð Þð Þ

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m xð Þ

g b,m xð Þð Þ

− 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ f b,m xð Þð Þ

!

=Bx tð Þ:

ð30Þ

Therefore, B is a continuous operator on S: Next, we
show that the operator B is uniformly bounded on S: For
any x ∈ S, we have

Bx tð Þj j ≤ 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þj j +I

α;ψ
a+ f t, x tð Þð Þj j

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m xð Þj j

g b,m xð Þð Þj j

+ 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þj j +I

α;ψ
a+ f b,m xð Þð Þj j

!

≤ 2〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k + 2 ψ bð Þ − ψ að Þð Þα
Γ α + 1ð Þ μk k

+K ≔M:

ð31Þ

Hence, kBxk ≤M, ∀t ∈ ½a, b�, which shows that the
operator B is uniformly bounded on S: Now, we show that
the operator B is equicontinuous. Let t1 < t2 and x ∈ S:
Then, we have

Bx t2ð Þ −Bx t1ð Þj j

≤ 〠
n

i=1

1
Γ βið Þ

ðt1
a
ψ′ sð Þ

h
ψ t2ð Þ − ψ sð Þð Þβi−1

�����
− ψ t1ð Þ − ψ sð Þð Þβi−1

i
hi s, x sð Þð Þds

+ 1
Γ βið Þ

ðt2
t1

ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þβi−1hi s, x sð Þð Þds
�����
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+ 1
Γ αð Þ

ðt1
a
ψ′ sð Þ� ψ t2ð Þ − ψ sð Þð Þα−1

�����
− ψ t1ð Þ − ψ sð Þð Þα−1�f s, x sð Þð Þds

+ 1
Γ αð Þ

ðt2
t1

ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þα−1 f s, x sð Þð Þds
�����

+ ψ t2ð Þ − ψ að Þð Þγ1−1 − ψ t1ð Þ − ψ að Þð Þγ1−1�� ��
ψ bð Þ − ψ að Þð Þγ−1

� m xð Þj j
g b,m xð Þð Þj j + 〠

n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þj j +I

α;ψ
a+ f b,m xð Þð Þj j

 !

≤ 〠
n

i=1

λik k
Γ βi + 1ð Þ ψ t2ð Þ − ψ að Þð Þβi − ψ t1ð Þ − ψ að Þð Þβi

��� ���
+ ∥μ∥
Γ α + 1ð Þ ψ t2ð Þ − ψ að Þð Þα − ψ t1ð Þ − ψ að Þð Þαj j

+ ψ t2ð Þ − ψ að Þð Þγ1−1 − ψ t1ð Þ − ψ að Þð Þγ1−1�� ��
ψ bð Þ − ψ að Þð Þγ−1

� K + 〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k + ψ bð Þ − ψ að Þð Þα
Γ α + 1ð Þ μk k

" #
:

ð32Þ

As t2 − t1 ⟶ 0, the right-hand side tends to zero, inde-
pendently of x. Thus, B is equicontinuous. Therefore, it fol-
lows by Aezelá-Ascoli theorem that B is a completely
continuous operator on S:

Step 3. We show that the third condition ðcÞ of Lemma 9 is
fulfilled. For any y ∈ S, we have

x tð Þj j = Ax tð ÞBy tð Þj j = Ax tð Þj j By tð Þj j

≤ g t, x tð Þð Þj j
"
〠
n

i=1
I

βi ;ψ
a+ hi t, y tð Þð Þj j +I

α;ψ
a+ f t, y tð Þð Þj j

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m yð Þj j

g b,m yð Þð Þj j

+ 〠
n

i=1
I

βi ;ψ
a+ hi b,m yð Þð Þj j +I

α;ψ
a+ f b,m yð Þð Þj j

!#

≤ νk k
"
2〠

n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k

+ 2 ψ bð Þ − ψ að Þð Þα
Γ α + 1ð Þ μk k +K

#
≤ r,

ð33Þ

which implies kxk ≤ r, and so, x ∈ S:

Moreover, by (26), it holds kM < 1 which is fulfilled con-
dition ðdÞ of Lemma 9. Hence, all the conditions of Lemma 9
are satisfied, and consequently, the operator equation xðtÞ
=AxðtÞBxðtÞ has at least one solution in S: Therefore,
there exists a solution of the ψ-Hilfer hybrid fractional
integro-differential nonlocal boundary value problem (8) in
½a, b�: The proof is finished.

Now, we present an example of ψ-Hilfer hybrid frac-
tional integro-differential boundary value problem to illus-
trate our main result.

Example 11. Consider the boundary value problem of the
form

where

g t, xð Þ = t xj j
7 1 + xj jð Þ + 2t + 5, h1 t, xð Þ

= 1 − e− x4/ 1+x4ð Þð Þ
2t + 1 , h2 t, xð Þ = sin4x

3 + cos2πt :
ð35Þ

Here, α = 3/2, ρ = 1/4, ψðtÞ = 1 − e−2t , a = 1/2, b = 7/2,
β1 = 3/4, β2 = 5/4, and mðxÞ = 2 sin x + 3 cos x + 4 tan−1x.
Then, we can find that

g t, xð Þ − g t, yð Þj j ≤ t
7 x − yj j, ð36Þ

and we choose ϕðtÞ = t/7. In addition, jh1ðt, xÞj ≤ ð1/ð2t +
1ÞÞ≔ λ1ðtÞ, jh2ðt, xÞj ≤ ð1/ð3 + cos2πtÞÞ≔ λ2ðtÞ, j f ðt, xÞj ≤
ð1/ð4t + 6ÞÞ + ð1/ð26t + 3ÞÞ + 1/16≔ μðtÞ, jgðt, xÞj ≤ t/7 + 2t
+ 5≔ νðtÞ. Then, we have kϕk = 1/2, kλ1k = 1/2, kλ2k = 1/
3, kμk = 1/4, kνk = 25/2 and

m xð Þj j
g 7/2,m xð Þð Þj j ≤

5 + 2π
12 ≔K , ð37Þ

HD
3/2,1/4; 1−e−2tð Þ
1/2

x tð Þ
g t, x tð Þð Þ −I

3/4; 1−e−2tð Þ
1/2 h1 t, x tð Þð Þ −I

5/4; 1−e−2tð Þ
1/2 h2 t, x tð Þð Þ

	 

= e−x2 tð Þ

4t + 6
x4 tð Þ

1 + x4 tð Þ
� �

+ cos8x tð Þ
26t + 3 + 1

16 , t ∈
1
2 ,

7
2

	 

,

x
1
2

� �
= 0, x 7

2

� �
= 2 sin x

3
2

� �� �
+ 3 cos x

7
4

� �� �
+ 4 tan−1 x

5
2

� �� �
,

8>>><
>>>:

ð34Þ
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which lead to

ϕk k 2〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k + 2 ψ bð Þ − ψ að Þð Þα
Γ α + 1ð Þ μk k +K

" #

≈ 0:8524738760 < 1:
ð38Þ

Therefore, by Theorem 10, the ψ-Hilfer hybrid fractional
integro-differential nonlocal boundary value problem (34)-
(35) has at least one solution xðtÞ on ½1/2, 7/2�, such that ∥x
∥≤r, where r is satisfies

νk k 2〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k + 2 ψ bð Þ − ψ að Þð Þα
Γ α + 1ð Þ μk k +K

" #

≈ 21:31184690 ≤ r:

ð39Þ

4. Existence Result for the Problem (9)

First of all, we recall some basic concepts for multivalued
maps [39–41]. For a normed space ðX, ∥ · ∥Þ, let P cp,cvðXÞ
= fY ∈P ðXÞ: Y is compact and convexg: For each x ∈X,
define the set of selections of F by

SF,x ≔ v ∈ L1 a, b½ �,ℝð Þ: v tð Þ ∈ F t, x tð Þð Þ, for a:e:t ∈ a, b½ �� �
:

ð40Þ

Lemma 12 (see [42]). Let F : ½a, b� ×ℝ⟶P cp,cvðℝÞ be an
L1 − Carathéodory multivalued map and let Θ be a linear
continuous mapping from L1ð½a, b�,ℝÞ to Cð½a, b�,ℝÞ. Then,
the operator

Θ ∘ SF : C a, b½ �,ℝð Þ⟶P cp,cv C a, b½ �,ℝð Þð Þ,
x⟼ Θ ∘ SFð Þ xð Þ =Θ SF,xð Þ,

ð41Þ

is a closed graph operator in Cð½a, b�,ℝÞ × Cð½a, b�,ℝÞ:

Remark 13. We recall that a multivalued map F : ½a, b� ×ℝ
⟶P ðℝÞ is said to be L1 − Carathéodory if ðiÞ
t⟼ Fðt, xÞ is measurable for each x ∈ℝ; (ii) x⟼ Fðt, xÞ
is upper semicontinuous for almost all t ∈ ½a, b�; (iii) for each
α > 0, there exists φα ∈ L

1ð½a, b�,ℝ+Þ such that kFðt, xÞk =
sup fjvj: v ∈ Fðt, xÞg ≤ φαðtÞ for all x ∈ℝ with kxk ≤ α and
for a.e. t ∈ ½a, b�:

The following multivalued fixed-point theorem for the
product of two operators in a Banach algebra, due to Dhage
[38, Theorem 4.13], plays a key role in proving the existence
result for the nonlocal boundary value problem (9).

Lemma 14 (see [38]). Let X be a Banach algebra and let A
: X ⟶ X be a single valued and B : X⟶P cp,cvðXÞ be a
multivalued operator satisfying the conditions:

(a) A is single-valued Lipschitz with a Lipschitz constant
k

(b) B is compact and upper semicontinuous

(c) 2Mk < 1, where M = kBðSÞk = sup fkBxk: x ∈ Sg
Then, either (i) the operator inclusion x ∈ AxBx has a

solution or (ii) the set E = fu ∈ X ∣ λu ∈ AuBu, λ > 1g is
unbounded.

Definition 15. A function x ∈ ACð½a, b�,ℝÞ is a solution of
the problem (9) if xðaÞ = 0, xðbÞ =mðxÞ, and there exists
function v ∈ L1ð½a, b�,ℝÞ such that vðtÞ ∈ Fðt, xðtÞÞ a.e. on ½
a, b� and

x tð Þ = g t, x tð Þð Þ
(
〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ v tð Þ

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m xð Þ

g b,m xð Þð Þ

− 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ v bð Þ

!)
:

ð42Þ

Theorem 16. Assume that (A1) and (A3) hold. In addition,
we suppose that

(B1) F : ½a, b� ×ℝ⟶P cp,cvðℝ+Þ is L1-Carathéodory
multivalued map;

(B2) The functions g and hi, i = 1, 2,⋯, n satisfy condi-
tion ðA2Þ;

(B3) There exists a continuous function q ∈ Cð½a, b�,ℝ+Þ
such that

∥F t, xð Þ∥P ≔ sup yj j: y ∈ F t, xð Þf g
≤ q tð Þ, for each t, xð Þ ∈ a, b½ � ×ℝ:

ð43Þ

Then, the nonlocal ψ-Hilfer hybrid inclusion boundary
value problem (9) has at least one solution on ½a, b�, provided
that

Ω≔ qk k
(
2 qk k ψ bð Þ − ψ að Þð Þα

Γ α + 1ð Þ

+ 2〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k +K

)
< 1
2
:

ð44Þ

Proof. To transform the boundary value problem (9) into a
fixed-point problem, by using Lemma 8, we define a multi-
valued operator Q1 : X⟶P ðXÞ as
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Next, we introduce the operator A : X⟶X as in (27)
and the multivalued operator B1 : X⟶P ðXÞ by

We will show that the operators A and B1 satisfy the
hypotheses of Lemma 14. The proof is given in a series of
steps.

Step 1. B1 is convex valued. Let z1, z2 ∈B1: Then, there
exist v1, v2 ∈ SF,x such that

zj tð Þ = 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ vj tð Þ +

ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

� m xð Þ
g b,m xð Þð Þ − 〠

n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ vj bð Þ

 !
,

 j = 1, 2:
ð47Þ

For any θ ∈ ½0, 1�, we have

θz1 tð Þ + 1 − θð Þz2 tð Þ

= 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ θv1 tð Þ + 1 − θð Þv2 tð Þ½ �

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m xð Þ

g b,m xð Þð Þ

− 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ θv1 bð Þ + 1 − θð Þv2 bð Þ½ �

!
:

ð48Þ

Since Fðt, xðtÞÞ is convex, θv1ðtÞ + ð1 − θÞv2ðtÞ ∈ Fðt, xð
tÞÞ for all t ∈ ½a, b�, and so, θz1 + ð1 − θÞz2 ∈ SF,x: Thus, θz1
+ ð1 − θÞz2 ∈ Fðt, xðtÞÞ, which means that B1 is convex val-
ued on X:

Step 2. A1 is single-valued Lipschitz operator on X: It is
proved in Step 1 of Theorem 10.

Step 3. The operator B1 is completely continuous and
upper semicontinuous on X: Let S be a bounded set of X:
Then, there exists a constant r such that kxk ≤ r, for all x ∈

S: We prove first that the operator B1 is completely contin-
uous. Let x ∈B1ðSÞ: Then, there exists v ∈ SF,x such that

h tð Þ = 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ v tð Þ + ψ tð Þ − ψ að Þð Þγ−1

ψ bð Þ − ψ að Þð Þγ−1

� m xð Þ
g b,m xð Þð Þ − 〠

n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ v bð Þ

 !
,

ð49Þ

for any x ∈ S: Then, we have

h tð Þj j ≤ 2I α;ψ
a+ v bð Þj j + m xð Þ

g b,m xð Þð Þ
����

���� + 2〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þj j

≤
2 qk k ψ bð Þ − ψ að Þð Þα

Γ α + 1ð Þ + 2〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k

+K =M1,
ð50Þ

for all t ∈ ½a, b�, which implies that kxk ≤M1. Therefore, the
operator B1 is uniformly bounded on X:

Next, we show thatB1ðSÞ is an equicontinuous set in X:
Let t1, t2 ∈ ½a, b� with t1 < t2 and x ∈B1ðSÞ. Then, we have

B1x t2ð Þ −B1x t1ð Þj j

≤ 〠
n

i=1

1
Γ βið Þ

ðt1
a
ψ′ sð Þ

h
ψ t2ð Þ − ψ sð Þð Þβi−1

�����
− ψ t1ð Þ − ψ sð Þð Þβi−1

i
hi s, x sð Þð Þds

+ 1
Γ βið Þ

ðt2
t1

ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þβi−1hi s, x sð Þð Þds
�����

Q1x =
h ∈X :

h tð Þ = g t, x tð Þð Þ 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ v tð Þ ψ tð Þ − ψ að Þð Þγ−1

ψ bð Þ − ψ að Þð Þγ−1
m xð Þ

g b,m xð Þð Þ − 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ v bð Þ

 !( )
, v ∈ SF,x , t ∈ a, b½ �:

(8><
>:

9>=
>;:

ð45Þ

B1x =
h ∈X :

h tð Þ = g t, x tð Þð Þ 〠
n

i=1
I

âi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ v tð Þ ψ tð Þ − ψ að Þð Þγ−1

ψ bð Þ − ψ að Þð Þγ−1
m xð Þ

g b,m xð Þð Þ − 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ v bð Þ

 !
, v ∈ SF,x , t ∈ a, b½ �:

(8><
>:

9>=
>;:

ð46Þ
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+ 1
Γ αð Þ

ðt1
a
ψ′ sð Þ� ψ t2ð Þ − ψ sð Þð Þα−1

�����
− ψ t1ð Þ − ψ sð Þð Þα−1�v sð Þds

+ 1
Γ αð Þ

ðt2
t1

ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þα−1v sð Þds
�����

+ ψ t2ð Þ − ψ að Þð Þγ−1 − ψ t1ð Þ − ψ að Þð Þγ−1�� ��
ψ bð Þ − ψ að Þð Þγ−1

� m xð Þ
g b,m xð Þð Þ
����

���� + 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þj +I

α;ψ
a+ v bð Þj j

 !

≤ 〠
n

i=1

λik k
Γ βi + 1ð Þ ψ t2ð Þ − ψ að Þð Þβi − ψ t1ð Þ − ψ að Þð Þβi

��� ���
+ qk k
Γ α + 1ð Þ ψ t2ð Þ − ψ að Þð Þα − ψ t1ð Þ − ψ að Þð Þαj j

+ ψ t2ð Þ − ψ að Þð Þγ−1 − ψ t1ð Þ − ψ að Þð Þγ−1�� ��
ψ bð Þ − ψ að Þð Þγ−1

� 〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k + qk k ψ bð Þ − ψ að Þð Þα
Γ α + 1ð Þ +K

 !
:

ð51Þ

As t2 − t1 ⟶ 0, the right-hand side of the above inequal-
ity tends to zero independently of x, and thus, the operatorB1
is equicontinuous. In consequence, the operator B1 is
completely continuous by the Arzelá-Ascoli theorem.

Next, we show thatB1 is an upper semicontinuous multi-
valued mapping on X: It is known, by [[39], Proposition 1.2],
that B1 will be upper semicontinuous if we establish that it
has a closed graph, since already shown to be completely con-
tinuous. Thus, we will prove that B1 has a closed graph.

Let fxng be a sequence in X such that xn ⟶ x∗: Let
fyng be a sequence such that yn ∈B1xn and yn ⟶ y∗: We
shall show that y∗ ∈B1x

∗. Since yn ∈B1xn, there exists a
vn ∈ SF,xn such that

xn tð Þ = 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ vn tð Þ + ψ tð Þ − ψ að Þð Þγ−1

ψ bð Þ − ψ að Þð Þγ−1

� m xð Þ
g b,m xð Þð Þ − 〠

n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ vn bð Þ

 !
,

 t ∈ a, b½ �:
ð52Þ

We must prove that there is a v∗ ∈ SF,x∗ such that

x∗ tð Þ = 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ v

∗ tð Þ + ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

� m xð Þ
g b,m xð Þð Þ − 〠

n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ v

∗ bð Þ
 !

,

 t ∈ a, b½ �:
ð53Þ

Consider the continuous linear operator L : L1ð½a, b�,ℝÞ
⟶ Cð½a, b�,ℝÞ defined by

Lv tð Þ = 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ v tð Þ + ψ tð Þ − ψ að Þð Þγ−1

ψ bð Þ − ψ að Þð Þγ−1

� m xð Þ
g b,m xð Þð Þ − 〠

n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ v bð Þ

 !
,

 t ∈ a, b½ �:
ð54Þ

Observe that

xn tð Þ − x∗ tð Þk k = 2I α;ψ
a+ vn sð Þ − v∗ sð Þ½ �

 

⟶ 0, ð55Þ

as n⟶∞. From Lemma 12, it follows that L ∘ SF,x is a
closed graph operator. Further, we have ynðtÞ ∈ LðSF,xÞ: Since
yn ⟶ y∗, therefore, we have

x∗ tð Þ = 〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ v

∗ tð Þ

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m xð Þ

g b,m xð Þð Þ

− 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ v

∗ bð Þ
!
, t ∈ a, b½ �:

ð56Þ

As a result, we have thatB1 is a compact and upper semi-
continuous operator on X:

Step 4. We show that the condition (c) of Lemma 14
holds, that is, kM < 1/2. This is obvious by (44).

Step 5. Finally, we show that the conclusion (ii) of
Lemma 14 does not hold.

Let x be any solution of the boundary value problem (9)
such that λx ∈AxB1x for some λ > 1: Then, there is a v ∈
SF,x such that

x tð Þ = 1
λ
g t, x tð Þð Þ

(
〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ +I

α;ψ
a+ v tð Þ

+ ψ tð Þ − ψ að Þð Þγ−1
ψ bð Þ − ψ að Þð Þγ−1

 
m xð Þ

g b,m xð Þð Þ

− 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þ −I

α;ψ
a+ v bð Þ

!)
, t ∈ a, b½ �:

ð57Þ
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Then, we have

x tð Þj j ≤ g t, x tð Þð Þj j
(
〠
n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þj j

+I
α;ψ
a+ v tð Þj j + m xð Þj j

g b,m xð Þð Þj j

+ 〠
n

i=1
I

βi ;ψ
a+ hi b,m xð Þð Þj j +I

α;ψ
a+ v bð Þj j

)

≤ νk k
(
2 qk k ψ bð Þ − ψ að Þð Þα

Γ α + 1ð Þ

+ 2〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k +K

)
:

ð58Þ

Taking the supremum for t ∈ ½a, b� of the above inequal-
ity, we obtain a constant M > 0 such that

xk k ≤ νk k
(
2∥q∥ ψ bð Þ − ψ að Þð Þα

Γ α + 1ð Þ

+ 2〠
n

i=1

ψ bð Þ − ψ að Þð Þβi

Γ βi + 1ð Þ λik k +K

)
≔M,

ð59Þ

which means that the set E = fx ∈X : λx ∈AxB1x, λ > 1g
is bounded.

As a result, the conclusion (ii) of Lemma 14 does not
hold. Hence, the conclusion (i) holds, and consequently,
the boundary value problem (9) has at least one solution
on ½a, b�: This completes the proof.☐

Example 17. Consider the boundary value problem of the
form

where

g t, xð Þ = 8t
4t + 1

x2 + 2 xj j
1 + xj j

� �
+ 4t + 7, h1 t, xð Þ

= xj j
8t + 1ð Þ xj j + 1ð Þ , h2 t, xð Þ

= sin2x
12t + 2ð Þ , h3 t, xð Þ = 1−e−∣x∣

16t + 3ð Þ :

ð61Þ

Here, α = 7/4, ρ = 3/5, ψðtÞ = logeðt2 + 1Þ, a = 1/4, b =
11/4, β1 = 1/4, β2 = 7/4, β3 = 11/4, mðxÞ = 5e−x2 + ð2x2/ðx2
+ 1ÞÞ + 7 sin2x + 3 cos6x. Now, we find that jh1ðt, xÞj ≤ ð1
/ð8t + 1ÞÞ≔ λ1ðtÞ, jh2ðt, xÞj ≤ ð1/ð12t + 2ÞÞ≔ λ2ðtÞ, and jh3
ðt, xÞj ≤ ð1/ð16t + 3ÞÞ≔ λ3ðtÞ which yield kλ1k = 1/3, kλ2k
= 1/5, kλ3k = 1/7. In addition, we have

m xð Þj j
g 11/4,m xð Þð Þj j ≤

17
18 ≔K ,

F t, xð Þk kP ≤
1

4t + 15 + 1
4t + 3ð Þ2 ≔ q tð Þ,

ð62Þ

which implies kqk = 1/8. Hence,

Ω ≈ 0:4726347379 < 1
2 : ð63Þ

Therefore, by applying Theorem 16, the ψ-Hilfer hybrid
fractional integro-differential nonlocal boundary value prob-
lem (60)-(61) has at least one solution on ½1/4, 11/4�.

5. Special Cases

The problem (8) considered in the present work is general in
the sense that it includes the following classes of new bound-
ary value problems of ψ-Hilfer fractional differential
equations.

(I) Let gðt, xÞ = 1 and hiðt, xÞ = 0, i = 1, 2,⋯, n for all t
∈ ½a, b� and x ∈ℝ: Then, the problem (8) reduces to
the following ψ-Hilfer fractional boundary value
problem

HD
α,ρ;ψ
a+ x tð Þ = f t, x tð Þð Þ,  t ∈ a, b½ �,

x að Þ = 0, x bð Þ =m xð Þ:

(
ð64Þ

In the case when μðxÞ =∑m
i=1λixðθiÞ, where a < θ1 < θ2

<⋯<θn < b, the corresponding ψ-Hilfer fractional bound-
ary value problem was studied in [34] for k = 0.

(II) Let hiðt, xÞ = 0, i = 1, 2,⋯, n for all t ∈ ½a, b� and x
∈ℝ: Then, the problem (8) reduces to the

HD
7/4,3/5;loge t2+1ð Þ
1/4

x tð Þ
g t, x tð Þð Þ −I

1/4;loge t2+1ð Þ
1/4 h1 t, x tð Þð Þ −I

7/4;loge t2+1ð Þ
1/4 h2 t, x tð Þð Þ −I

11/4;loge t2+1ð Þ
1/4 h3 t, x tð Þð Þ

	 

∈ 0, = e−x

2 tð Þ

4t + 15
x12

1 + x12

� �
+ 1

4t + 3ð Þ2
" #

,  t ∈
1
4 ,

11
4

	 

,

x
1
4

� �
= 0, x 11

4

� �
= 5e−x2 3

4ð Þ + 2 x2 5/4ð Þ
x2 5/4ð Þ + 1 + 7 sin2x 74 + 3 cos6x 94 :

8>>>><
>>>>:

ð60Þ
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following ψ-Hilfer fractional boundary value prob-
lem

HD
α,ρ;ψ
a+

x tð Þ
g t, x tð Þð Þ
	 


= f t, x tð Þð Þ, t ∈ a, b½ �,

x að Þ = 0, x bð Þ =m xð Þ:

8><
>: ð65Þ

(III) Let gðt, xÞ = 1 for all t ∈ ½a, b� and x ∈ℝ: Then, the
problem (8) reduces to the following ψ-Hilfer frac-
tional boundary value problem

HD
α,ρ;ψ
a+ x tð Þ − 〠

n

i=1
I

βi ;ψ
a+ hi t, x tð Þð Þ

" #
= f t, x tð Þð Þ,  t ∈ a, b½ �,

x að Þ = 0, x bð Þ =m xð Þ:

8>><
>>:

ð66Þ

Therefore, the main result of this paper also includes the
existence results for the solutions of the above-mentioned ψ-
Hilfer boundary value problems of fractional differential
equations as special cases.

6. Conclusions

In this paper, we studied a new class of ψ-Hilfer hybrid frac-
tional integro-differential boundary value problems with
nonlocal boundary conditions. After proving a basic lemma,
helping us to transform the considered system into a fixed-
point problem, an existence result is proved via a fixed-
point theorem for the product of two operators due to
Dhage [21]. The multivalued analogue is also studied, and
an existence theorem was established with the help of a mul-
tivalued fixed-point theorem for the product of two opera-
tors due to Dhage [38]. Numerical examples illustrating
the obtained results are also presented. Some special cases
are also discussed. The obtained results are new and enrich
the existing literature on hybrid fractional differential equa-
tions and inclusions.

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

This research was funded by the King Mongkut’s University
of Technology North Bangkok (contract no. KMUTNB-61-
KNOW-034).

References

[1] K. Diethelm, “The analysis of fractional differential equations,”
in Lecture Notes in Mathematics, Springer, New York, 2010.

[2] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, “Theory and
applications of the fractional differential equations,” North-
Holland Mathematics Studies, vol. 204, 2006.

[3] V. Lakshmikantham, S. Leela, and J. V. Devi, Theory of Frac-
tional Dynamic Systems, Cambridge Scientific Publishers,
2009.

[4] K. S. Miller and B. Ross, An Introduction to the Fractional Cal-
culus and Differential Equations, John Wiley, New York, 1993.

[5] I. Podlubny, Fractional Differential Equations, Academic
Press, New York, 1999.

[6] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Inte-
grals and Derivatives, Gordon and Breach Science, Yverdon,
1993.

[7] Y. Zhou, Basic Theory of Fractional Differential Equations,
World Scientific, Singapore, 2014.

[8] B. Ahmad, A. Alsaedi, S. K. Ntouyas, and J. Tariboon, “Hada-
mard-type fractional differential equations,” in Inclusions and
Inequalities, Springer, Cham, Switzerland, 2017.

[9] R. P. Agarwal, B. Ahmad, and A. Alsaedi, “Fractional-order
differential equations with anti-periodic boundary conditions:
a survey,” Boundary Value Problems, vol. 2017, 2017.

[10] B. Ahmad, S. K. Ntouyas, and A. Alsaedi, “New existence
results for nonlinear fractional differential equations with
three-point integral boundary conditions,” Advances in Differ-
ence Equations, vol. 2011, Article ID 107384, 11 pages, 2011.

[11] B. Ahmad and S. K. Ntouyas, “Nonlinear fractional differential
equations and inclusions of arbitrary order and multi-strip
boundary conditions, Electron,” Journal of Differential Equa-
tions, vol. 2012, no. 98, pp. 1–22, 2012.

[12] Z. B. Bai and W. Sun, “Existence and multiplicity of positive
solutions for singular fractional boundary value problems,”
Computers & Mathematcs with Applications, vol. 63, no. 9,
pp. 1369–1381, 2012.

[13] J. R. Graef, L. Kong, and Q. Kong, “Application of the mixed
monotone operator method to fractional boundary value
problems,” Fractional Differential Calculus, vol. 2, pp. 554–
567, 2011.

[14] S. K. Ntouyas, J. Tariboon, and W. Sudsutad, “Boundary value
problems for Riemann-Liouville fractional differential inclu-
sions with nonlocal Hadamard fractional integral conditions,”
Mediterranean Journal of Mathematics, vol. 13, no. 3, pp. 939–
954, 2016.

[15] Y. Zhao, S. Sun, Z. Han, and Q. Li, “Theory of fractional hybrid
differential equations,” Computers & Mathematcs with Appli-
cations, vol. 62, no. 3, pp. 1312–1324, 2011.

[16] S. Sun, Y. Zhao, Z. Han, and Y. Li, “The existence of solutions
for boundary value problem of fractional hybrid differential
equations,” Communications in Nonlinear Science and Numer-
ical Simulation, vol. 17, no. 12, pp. 4961–4967, 2012.

[17] B. Ahmad and S. K. Ntouyas, “An existence theorem for frac-
tional hybrid differential inclusions of Hadamard type with
Dirichlet boundary conditions,” Abstract and Applied Analy-
sis, vol. 2014, Article ID 705809, 7 pages, 2014.

[18] B. C. Dhage and S. K. Ntouyas, “Existence results for boundary
value problems for fractional hybrid differential inclusions,”
Topological Methods in Nonlinear Analysis, vol. 44, pp. 229–
238, 2014.

11Advances in Mathematical Physics



[19] B. C. Dhage and V. Lakshmikantham, “Basic results on hybrid
differential equations,” Nonlinear Analysis: Hybrid Systems,
vol. 4, pp. 414–424, 2010.

[20] B. Ahmad, S. K. Ntouyas, and J. Tariboon, “A nonlocal hybrid
boundary value problem of Caputo fractional integro-
differential equations,” Acta Mathematica Scientia, vol. 36,
pp. 1631–1640, 2016.

[21] B. Dhage, “A fixed point theorem in Banach algebras with
applications to functional integral equations,” Kyungpook
National University, vol. 44, pp. 145–155, 2004.

[22] S. Sitho, S. K. Ntouyas, and J. Tariboon, “Existence results for
hybrid fractional integro-differential equations,” Boundary
Value Problems, vol. 2015, 2015.

[23] M. Jamil, R. A. Khan, and K. Shah, “Existence theory to a class
of boundary value problems of hybrid fractional sequential
integro-differential equations,” Boundary Value Problems,
vol. 2019, no. 1, 2019.

[24] A. Boutiara, S. Etemad, A. Hussain, and S. Rezapour, “The
generalized UH and UH stability and existence analysis of a
coupled hybrid system of integro-differential IVPs involving
ϕ-Caputo fractional operators,” Advances in Difference Equa-
tions, vol. 2021, no. 1, 2021.

[25] D. Baleanu, S. Etemad, S. Pourrazi, and S. Rezapour, “On the
new fractional hybrid boundary value problems with three-
point integral hybrid conditions,” Advances in Difference
Equations, vol. 2019, no. 1, 2019.

[26] D. Baleanu, S. Etemad, and S. Rezapour, “On a fractional
hybrid integro-differential equation with mixed hybrid inte-
gral boundary value conditions by using three operators,”
Alexandria Engineering Journal, vol. 59, no. 5, pp. 3019–
3027, 2020.

[27] R. Hilfer, Ed., Applications of Fractional Calculus in Physics,
World Scientific, Singapore, 2000.

[28] T. T. Soong, Random Differential Equations in Science and
Engineering, Academic Press, New York, NY, USA, 1973.

[29] K. Kavitha, V. Vijayakumar, R. Udhayakumar, and K. S. Nisar,
“Results on the existence of Hilfer fractional neutral evolution
equations with infinite delay via measures of noncompact-
ness,” Mathematicsl Methods in the Applied Sciences, vol. 44,
no. 2, pp. 1438–1455, 2021.

[30] R. Subashini, K. Jothimani, K. S. Nisar, and C. Ravichandran,
“New results on nonlocal functional integro-differential equa-
tions via Hilfer fractional derivative,” Alexandria Engineering
Journal, vol. 59, no. 5, pp. 2891–2899, 2020.

[31] M. S. Shabna and M. C. Ranjin, “On existence of ψ-Hilfer
hybrid fractional differential equations, South East Asian,”
International Journal of Mathematics and Mathematical Sci-
ences, vol. 16, 56 pages, 2020.

[32] J. V. Sousa and E. C. De Oliveira, “On the ψ-Hilfer fractional
derivative,” Communications in Nonlinear Science and Numer-
ical Simulation, vol. 60, pp. 72–91, 2018.

[33] W. Sudsutad, C. Thaiprayoon, and S. K. Ntouyas, “Existence
and stability results for ψ-Hilfer fractional integro-
differential equation with mixed nonlocal boundary condi-
tions,” AIMS Mathematics, vol. 6, no. 4, pp. 4119–4141, 2021.

[34] S. K. Ntouyas and D. Vivek, “Existence and uniqueness results
for sequential ψ-Hilfer fractional differential equations with
multi-point boundary conditions,” Acta Mathematica Univer-
sitatis Comenianae, vol. 90, pp. 171–185, 2021.

[35] I. Ahmed, P. Kumam, K. Shah, P. Borisut,
K. Sitthithakerngkiet, and M. Ahmed Demba, “Stability results

for implicit fractional pantograph differential equations via ϕ-
Hilfer fractional derivative with a nonlocal Riemann-Liouville
fractional integral condition,”Mathematics, vol. 8, no. 1, p. 94,
2020.

[36] S. Harikrishnan, K. Shah, and K. Kanagarajan, “Existence the-
ory of fractional coupled differential equations via ψ-Hilfer
fractional derivative,” Random Operators and Stochastic Equa-
tions, vol. 27, no. 4, pp. 207–212, 2019.

[37] K. Shah, D. Vivek, and K. Kanagarajan, “Dynamics and stabil-
ity ofψ-fractional pantograph equations with boundary condi-
tions,” Boletim da Sociedade Paranaense de Matemática,
vol. 22, pp. 1–13, 2018.

[38] B. Dhage, “Existence results for neutral functional differential
inclusions in Banach algebras,” Nonlinear Analysis, vol. 64,
no. 6, pp. 1290–1306, 2006.

[39] K. Deimling, Multivalued Differential Equations, Walter De
Gruyter, Berlin-New York, 1992.

[40] S. Hu and N. Papageorgiou, Handbook of Multivalued Analy-
sis, Volume I: Theory, Kluwer, Dordrecht, 1997.

[41] G. V. Smirnov, Introduction to the Theory of Differential Inclu-
sions, American Mathematical Society, Providence, RI, 2002.

[42] A. Lasota and Z. Opial, “An application of the Kakutani-Ky fan
theorem in the theory of ordinary differential equations,” Bul-
letin De L’Académie Polonaise des Science, Série des Sciences
Mathématiques, Astronomiques et Physiques, vol. 13,
pp. 781–786, 1965.

12 Advances in Mathematical Physics


	Existence Results for ψ-Hilfer Fractional Integro-Differential Hybrid Boundary Value Problems for Differential Equations and Inclusions
	1. Introduction
	2. Preliminaries
	3. Existence Result for the Problem (8)
	4. Existence Result for the Problem (9)
	5. Special Cases
	6. Conclusions
	Data Availability
	Conflicts of Interest
	Acknowledgments

